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Abstract: In this talk the Seiberg-Witten map for a
time-dependent background related to a null-brane orb-
ifold is studied. The commutation relations of the co-
ordinates are linear, i.e. it is an example of the Lie alge-
bra type. The equivalence map between the Kontsevich
star product for this background and the Weyl-Moyal
star product for a background with constant noncom-
mutativity parameter is also studied. The method used
to solve the Seiberg-Witten equations is cohomologi-
cal, and is based on the determination of a coboundary
operator and then of the corresponding homotopy op-
erator.
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Noncommutative spaces

Gelfand Naimark

Manifold M Theorem Commutative Algebra
of continous functions
C(M)
1 Deformation l
Noncommutative —?> Noncommutative
“manifold” Algebra A

Space-time commutation relations

A associative algebra generated by the
coordinates {z'}, 1 <4< D,
D=space-time dimension,

with relations

[:vi,:cj} =i 0¥
where 6 is an antisymmetric tensor
0ii — _pii
satisfying the Jacobi identity
oiokl 1 gkgli 4 glgik — g



Wey| quantization procedure

Provides a representation of A in C(M)

f@@') € (M) — W(f)(E") € A
Starting from the Fourier transform f(k)

~ 1 ik ]
k) = /dwe thjx? £
F) = s [ dee™5 f(@)
the Weyl operator W(f) is defined by

W) =557 [ diei® f(k)
with the substltuguon ' eC(M) — z* e A.
The star product f*g

frg= o5 [akdpetitrrtan o) k) g(p)

7T
is defined as the function corresponding to

WHW(9) = 5 [ dk dpe™ ™ F(i) (p)

with g,(k, p) the éxpression obtained through
the Baker-Campbell-Hausdorff formula

eAeB = (A+B+3[ABl+15[A-B,[AB]l+..)

applied to A = k;z', B = p;a/.



Main properties of the Weyl quantization:

It automatically selects the most symmet-
ric ordering of the elements 7t € A.

It naturally reproduces the \Weyl-Moyal star
product for the case of constant 6

1011 0,0,

frxg = fe2" g
= fo+ 5i090,0;9
1 ..
—éeweklaiﬁkf ﬁjﬁlg + 0[93]
with 0; = axz

It coincides with Kontsevich quantization
procedure for nilpotent Lie algebras and it
IS equivalent to it for the more general lin-
ear case. The difference with the Kontse-
vich star product in the linear case can be
expressed in terms of “loop graphs’.
(Kathotia, math.QA/9811174)



Relation between @ and the B-field in string theory

In string theory, a constant Poisson tensor 8%
is related to the antisymmetric tensor B% in
the Neveu-Schwarz sector by the formula

0" = 21a’ 1 il
g+ 2na’B

where [ ] antisymmetric part, g metric,
o' string tension

In the limit of a large B-field /B >> g then
there is the simple relation

i — 1



The null-brane orbifold
Liu, Moore, Seiberg, hep-th/0204168, hep-th/0206182

Generators: {z'},i=1,...,4,
:131=:U+, :132=:U_,:c3=:13, t = 2

Orbifold identifications

zwz—l—%, :B+N:B+, z~z+2nxT

x~ ~x +2rx + %(27?)2:174'

The associated noncommutative algebra
Sethi, Hashimoto, hep-th/0208126

T-dualities and Twist
= noncommutative algebra A

Relations: [z*, z/] =i 6%,
Noncommutativity parameter

~

07 = —0** = RzT, 0% * = —0** = Rau,
0 = 0 otherwise, R = const,



Main properties of A

It is linear in the coordinates, i.e. it is of
the Lie algebra type.

0% satisfies the Jacobi identity.

It is a nilpotent algebra, i.e. the third com-
mutator of any four elements vanishes.

(%, [27, [zF, 2']]] =0 Vz'e A

It is noncommutative only in the zz and
x~ z directions.



The Kontsevich star product for A

The Weyl quantization procedure gives

£07189;0;—0%9;0M (giaifgz—%aial)
fxg=fe 7

Properties
e To the second order in 6 it becomes

. 1 ..
fxg = fg+5070if09 - £076"0,0,. 10,019
1 ..
—5070,0" (0:0,f019 — 0 [DiDIg) + ...
which coincides with the expression given
by Kontsevich (Kontsevich, g-alg/9709040).

e It isdifferent than the Weyl-Moval star prod-
uct and generalizes it.

e It is an associative product.



The coordinate transformation
Liu, Moore, Seiberg, hep-th/0204168, hep-th/0206182

Through the coordinate transformation o
ot =yt e =yt (54 R2):
o~ \2
r~ =y~ + 3yt (7+ R2)
the algebra A can be rewritten as the algebra

generated by the elements {y*,y,y~, 2}
with relations

', y)) = i
where yl = y+,y2 = y,y3 = y_,y4 — z and
gV = %Y = R, 8" = 0 otherwise,
and the orbifold identification becomes

- - _ _ 27
y+Ny+;y~y+2W;y ~ Y ;ZN2—|—E.

This coordinate transformation is not linear
and it is singular for z+ = yT = 0. How-
ever, the orbifold identification is simpler and
the noncommutativity parameter is constant.



Two star products x and ' are equivalent if
there exists an equivalence map, i.e. a differ-
ential operator R, such that

f+g=R1(R(f)*R(9))

Kontsevich’s formality theorem:

two star products related by a coordinate trans-
formation are equivalent in the above sense.
= x and « = (%) equivalent for z+ # 0.
Expand =, R in powers of 6

frxg = fo+BI(f,9)+ B2 (f,9)+ ..
R(f) = f+RI()+RP )+ ..
= BY(f,9) = Bt g)+RO(f)g
+f RV (g) — RV (fg)

To the fourth order in 6, R is found to be

RA(f) = RBI(f) =0,
RA(f) = Lo70,0° 20,-, RA(f) = RD?(f)

€T Y



Main properties of the equivalence map

To the fourth order R is generated by the
flow of R(2) j.e. it is of the form:

1 p2 2
Rf —_ €_ﬂR x+8x_8z f

As expected, R is singular for yT =z = 0,
where the coordinate transformation o is
singular.

T he star product = is equivalent up to o to
the Weyl-Moyal product x for a constant
gii

= % IS associative.

In principle R allows to map the results for
a constant A% to the algebra A, e.g. the
differential calculus, the SW map, instan-
ton computations, at least outside of the
singularity.



Gauge theory on noncommutative spaces and
covariant coordinates

Wess et al., hep-th/0104153, hep-th/0001203,
Seiberg, hep-th/0008013

On commutative spaces
1 gauge field, A gauge parameter, a; gauge potential

da; = Oj\ — i|a;, A]
=1 A1, dx'*=0= d(z*Y) =i z*Y
On noncommutative spaces
W gauge field, A gauge parameter, A* gauge potential

oW =1N\ xW
= S(z'* W) = ixt x AxW £ iAxztx W
— Introduce covariant coordinates X?*
X'=z'+ A
such that
SX' = i[A* X]
= (X% W) =i+ Ax Xt x W

This requires the noncommutative gauge trans-
formation

SAY = i[A* 2]+ i[A * AY



The SW map
Seiberg and Witten, JHEP09(1999)032

It expresses the noncommutative gauge field
and parameter in terms of the commutative
ones:

At = AY(0,a,da,d%a, ),
A=A(O,\0N- -, a,0a,-)

The functional dependence is determined by
the SW equation

SAY = i[A* 2] + i[A * AY]
For constant 0%, it is possible to identify
[z % f] = i6Y9,f for all f(z")
and rewrite

SA" = 0Y9;N + i[A ¥ A']

The index of the derivative is raised with 6%
It is a non-trivial result that this is consistent
also for a 6% of the Lie algebra type, like the
example we are studying here.



Properties of the SW map

Usually the algebra of the gauge fields does
not close in the noncommutative case and
the fields are elements of the envelopping
algebra. The SW map allows us to ex-
press an infinite number of noncommuta-
tive fields in terms of a finite number of
commutative ones.

In string theory the existence of the SW
map follows from the fact that two differ-
ent regularization techniques (Pauli-Villars
and point-splitting) lead either to a com-
mutative or a noncommutative theory and
therefore the two theories are supposed to
be physically equivalent.



An interaction which is complicated when
expressed in terms of the commutative vari-
ables becomes a simple free theory in the
noncommutative coordinates. The inter-
action is encoded in the noncommutative
structure of the space, i.e. in the geome-
try.

There are different types of ambiguities in
the solutions of the Seiberg-Witten equa-
tion, as a consequence of field redefinitions
and the dependence on the choice of the
path in #-space.

(Asakawa and Kishimoto, hep-th/9909139)

From the physical point of view, the z! are
regarded as classical solutions, nontrivial
vacuum expectation values, for coordinates
on a D-brane, and the potential A’ is seen
as a fluctuation around this value

(Seiberg, hep-th/0008013).



Introduction of the ghost fields and
of the coboundary operator

Instead of the gauge parameter A use an odd
ghost field v and define the BRST operator 6

Sv = iv?, da; = O —ila;,v] = D

with the properties
52 — 07 [57 az] =0
5(f1f2) = (f1) f2 + (1)U £1(5£2)

Moreover, define the coboundary operator
o0 —i{v,-} on odd quantities
A\ = . L
6 —i[v,-] on even quantities
so that
Av = —iv2, Aa; = O;v
AQZO) [AaDZ] =0
A(f1f2) = (Af1) fo + (=1)%9UD) £1 (A fo)
Seiberg-Witten equation

SW = iAxW, SA=1iAxA
SAY = i[A* '] — i[At ¥ A]

The equation for A follows from the nilpotency
of & and the associativity of the star product.



Gauge parameter and gauge field

A =AO0 AW 0 A0 =y

A =Ai(1)—|—Ai(2)—|—... 4i(1) = 0¥q,
The inplex o'f the gauge potential is raised
with Y = A' starts at first order already.

General structure of the Seiberg-Witten equa-
tion to order n :

AAM) = ) A 41 = (™)

Introduce the useful notation b; = 0;v.
Then for the gauge parameter

ANO) =2 AN = —10bb,
ANR) = —Loigkl,b,.8;:b; — 56 [b;, ;A1)
+iN DAL — L019,0M {iD;by, — [a;, by, by}
and for the gauge potential
AAT = 0%,

Aai® = giip A _ 0 b, 010V ay)}



The part of the SW equations which does not
depend on derivatives of % decouples from
the part which does and they can be solved
separately.

M'(6)™) + M"(6,00)™),

<
>
S
I

Consistency conditions following from A2 = 0O:

(n) _

AM™ =0, AU 0

M and M7 as well as Ui/(n) and U’i"(n)

have to satisfy the consistency condition sep-
arately. M and U’i"(n) satisfy it due to the

Jacobi identity.



If A and A; are solutions so are

Aln)  — /\(n)_|_A5(n)’
A'Z,(n) Az(n) 4+ p,s™ _|_Sz{(n)

for arbitrary S(”), SZ’-(”) of ghost number O and
AS! = 0 (Asakawa and Kishimoto, hep-th/9909139)
The ambiguity due to S is of a gauge type, the
one due to S’ is of a covariant type.

The Seiberg-Witten equations are invariant un-
der the noncommutative finite gauge transfor-
mations (Stora)

A — G InNG+ic1is,G
A, — GA,G+iG7e,G
v — G lw

where all products are star products,

(G is an arbitrary element of ghost number O.
The gauge ambiguities at the infinitesimal level
can be recovered by choosing

G=1-is
To first order

S(l) — —’L@Z] [CLZ', CLJ]



The consistency condition for the SW map
suggests an analogy with the cohomology of
chiral anomalies (Zumino, Les Houches lecture).

It is not possible to invert A, because it is
nilpotent, but it is possible to construct the
homotopy operator K satisfying

AK+ KA =1
Then
AKM+ KAM =AKM =M

and therefore A = KM is a solution.

Only b; and its derivatives enter in the equa-
tions, and never v itself. K is defined only on
b;.



Construction of K proceeds in two steps.
Basic variables: a;, b,

First, define infinitesimal version L
Action of L:

La; =0, Lbj=ga; [L,D;]=0
L(f1f2) = (Lf1) fo + (=1)%9U1) £ (L)

L is odd and nilpotent: L2 =0 .
Introduce d = total order(monomial in a,b)

Then the homotopy operator K is defined:
K=D1L

with D1 linear operator, which on monomials
multiplies by %

K is nilpotent: K2 = 0.

K is odd and has negative ghost number -1.
Example:

A(L)

1 .. 1 ..
K(—Eezﬂbibj) - —59701) LL(bsb))

1 i
— —597"71) 1(az-bj—bz-aj)



The variables a; and b; are not free, because
from b; = 0;v it follows

8Z-bj — 8ij- =0
which is equivalent to
AF;; = Dibj — Djb; +i[b;, aj] + i[a;, b5] = 0

Analogously, the covariant derivatives have to
satisfy the constraint

[Fz’ja } —i[D;, D§](-) =0

Solution: Symmetrization procedure

Separate the symmetric part of DFa or DFb
and substitute the constraints recursively for
the antisymmetric pieces. For example:

1 .
D;a; — E(Diaj + Dja; + Fy; —ila;, aj])
Then treat F' and its derivatives as scalars.

There are no independent constraints of higher
order.



Solutions to second order for constant 6%

By applying the homotopy operator to the sym-
metrized M(2):
1

/\(2) — _Eezj{a’u:g

+0 R — —[Diak, D 'bz]

j/\(l) + —[a /\(1)]}

+(la;, al, ngz + [ag, by]]

+2—4[Dia'k7 [a’ja bl]]

1 1 1 1
+§(az’(§Djak — ngaj + E[aj, ar])b;
. .
ngaj +.%[aj, ar])a;

(Do, — Dyar) + lai, gl {ar, b))

1
—bi(ngak -



A known solution (Munich group) IS

_ 1 ..
/\(2) — 3—29139kl( — {bza {ak, i[aj, Cl,l] —|— 48la3}}

—i{aj, {CLZ, [bza ak]}} + 21[[@77 al]7 [b27 ak]]
+2[[b17 ak] + Zﬁzbka ajal])

As expected, the two solutions A(2) and A(2)
differ by an ambiguity AS(2) with
5@ — g(A@ _ A
= 690M((, (la, [Diay, o]
+2(D;aiaja; + aja;D;ay)
+1—16[&iak,Asz]] :

The same technique can be applied to com-
pute the gauge potential AZ(Q) and to higher
orders in Y. It can be done e.g. by computer.



For 0 constant, let 0% — t Y.

T he star product depends on an evolution pa-
rameter t.

Define new operators at ‘“time” t:

AL — 0 —i{A*-} on odd quantities
=1 §—i[A*] on even quantities

Covariant derivative D;
D; = 0; —i[A; ¥ -]
They have the properties
AtAi — 67,/\7 Atz = 0, [Ata Di,t] =0

Ai(f1f2) = (Aef1) fa + (1)U 11 (A f)
Differentiate the Seiberg-Witten equations

At N = —Hklak/\ * 8l/\
. , 1
Ay Ay = LGN —|—§9kl{ak14i ¥ O}

where f: %



Then a solution are the evolution equations

: 1
A = _Zekl{AkaalAi‘l‘Fli}
By differentiating /\
. 1 ..
A = igm%ﬁ%{&m%AtAi}+{@AtaM%}Aﬁ

—{@Af{Akf@Aj+}%}}
+2i | 00N ¥ 0,4 )

mn
We can compute dt—n' We can obtain solu-

tions A(™) as
A — Ld™A
n! dt™
The solution to second order obtained from /\
again differs from A(2) by an ambiguity.

With this method the homotopy operator has
to be applied at most at first order: no prob-
lems with constraints.



Deformation of the BRST operator
(Weinstein)

Start with the original BRST operator
oo\ = i\ x N\

and deform it to

0=0d0p+d01+d+...
such that

ov = v * v, 52=0
Introduce the deforming map D such that
Dv=A

and

Dé = 69D, [D,0]=0

with the properties

D(fg) = D(f)D(g), D(fg)=D(f)D(g)



Expand in 6%
D=14+DM 4+ p2 4
where D(1) is a vector field

DM (fg) = DD (g + DI (g)

Order by order in Y the equation

Dé = gD
becomes
51 = 60D — p(g,
5o = 89D — D25y — DL,
with

Dy = /\(n), Spv = B (v,v)

and we recover the equation AN = pr(n),

The equation D) = dpgD is nothing else than
the definition of an algebroid morphism.



Solution for the gauge parameter for linear 6%

To the first order there is no correction due to
the fact that 8% is not constant and we recover
the usual result

1
A = 20"y, o}

To the second order we recover the previous
result

NP = _Lgiifa; 1D;AD) 4 ifa;, /\<1>]}
_|_97,]9kl< 16[D ag, Dj bl] + [[azaak]a >4 ]
+32 [aj7 by]] ‘|‘ >4 [D;ay, [a’]7 by]]
+&(a;(3Djay — 3Dpaj + Slaj, ar])b;
~b;(3Djay, — %Dkag‘ + Llaj, ax))a
+{z(Djay — Dya;) + %la;, ar], {a;, b;} 1))
and we find the correction

N2 = —20%19;0M (§({ay, {by, ai}} + il Diay. bl
~i[Diby, ag]) + § ([, bil, ag] — [las, ag], bi]))



(2 1 ..
A/z( ) _ _Zewekl{ak’ Oja; + Flj}
(2 1 y
A _ —Zeklalew{ak,aj}
For the algebra A of Sethi and Hashimoto

( %é2~w+{az, az} for i =z,
—%R2x+{az, a,—} fori=zg,
| O otherwise.

A//’L'(Q) —

In the case of an abelian gauge theory

A = % (—Qij(‘?jms@klakar((?las + Osay)
—I—GSjﬁjﬁierlakar (20,05 — Osay)

—I—QTjé?jGSinlaf,«ak (20sa; — 4(’91a5)>

—I—%Gijekl@l@makas <2(’9jaf,~ — 38raj)

—|—%9kl6lersaseijakaraj



With a cohomological approach the solu-
tions to the SW equations can be com-
puted for each gauge group and to each
order in Y.

In some instances, as in the case of the
null-brane orbifold studied here, it can also
be used for a time-dependent background
or a more general non-constant 6%.

By using ghosts a connection with the Ba-
talin-Vilkoviskij formalism can be made.
The SW map could be formulated in terms
of a master equation (see Barnich, Grigoriev,
Henneaux, hep-th/0106188)

This type of cohomology is related to an
algebroid structure, because it comes from
the action of Lie algebra on the fields. In
other words, it is possible to deform the
BRST operator ¢ itself rather than the
gauge parameter and the gauge potential.
It is an equivalent approach (Weinstein).



It is also related to supermanifolds, so that
it could be used to formulate and study the
properties of the SW map for supersym-
metric theories.

The Weyl-Moyal product appears in string
field theory, because it is related to the
Witten star product. Noncommutative ge-
ometry may prove relevant in this context
(see e.g. Bars, Deliduman, Pasqua, Zumino,
hep-th/0308107).

Through the use of cohomology the renor-
malization properties of a noncommutative
gauge theory could be studied. Expanding
in @ is a way to get around the infrared-
ultraviolet mixing occurring in noncommu-
tative field theories (see Grosse with Vienna
group, hep-th/0104097)



