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Introduction

Goal: Understand stability conditions for D-branes on Calabi-Yau manifolds

Here: B-model the “category of topological D-branes” using matrix factorizations
of Landau-Ginzburg superpotentials

Motivation:

• Characterize the spectrum of BPS branes at a distinguished point in moduli
space, hopefully independent of what is going on elsewhere

• Describe moduli spaces of D-branes (e.g., the D0-brane!) in non-geometric
phases of Calabi-Yau compactifications
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Plan

• Assume some familiarity with general aspects of D-branes on Calabi-Yau spaces

• Review other aspects, such as Π-stability and matrix factorizations

• Collect necessary ingredients which I think are essentially sufficient for the
definition of a stability condition for matrix factorizations describing D-branes in
Landau-Ginzburg models

• Concrete proposal

• Study examples of stable and unstable matrix factorizations

• Interlude: Index theorem for matrix factorizations
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Π-Stability

The basis of Π-stability (Douglas, Aspinwall, Bridgeland) is a simple observation
about the conformal field theory on the string worldsheet.

A Calabi-Yau background is, from the worldsheet point of view, an N = (2, 2)
superconformal field theory, C, with integral central charge ĉ(= 3) and integral
worldsheet U (1) R-charges for all closed string fields.

A D-brane in this background is, by definition, a conformally invariant boundary
condition, B, for C. BPS branes contain, in addition to the boundary conditions on
the N = 2 algebra, a boundary condition on the spectral flow operator

SL = e iπϕSR

ϕ is the grade of brane, here taking values in R mod 2Z.
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A standard conformal field theory argument shows that U (1) charges of open
strings stretching between two (not necessarily mutually) BPS branes satisfy

q = ϕ′ − ϕ mod Z

The unitarity constraint on the string worldsheet is

0 ≤ q ≤ ĉ

Given C, understanding the space of possible B is a difficult problem. The first
step is to study the constraints arising from N = 2 worldsheet supersymmetry, or
equivalently, BRST invariance in the topologically twisted theory. In a second step,
one would like to identify stability conditions under which boundary flow leads to a
“satisfactory” IR fixed point.
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In relating the physical to the topological worldsheet theory, one identifies ghost
number with worldsheet R-charge. For open strings, this requires lifting the grade
ϕ to a real number, i.e.,

n = q + ϕ− ϕ′ .

So for every physical brane B, there is an infinite number of topological branes
B[m].

Note that the physical worldsheet R-charge q does not depend on the lift. On the
other hand, the ghost number n is integer and is independent of the moduli.
Therefore, continuous variations of ϕ (the phase of the BPS central charge) with
(part of) the moduli lead to a variation of R-charges of open strings.

Π-stability is the interpretation of this variation of q, together with the unitarity
constraint 0 ≤ q ≤ ĉ as a change of stability condition on the category of
topological branes.



6

With respect to the B-model, the space of stability conditions can be identified
with the stringy Kähler moduli space Mk.

Given the spectrum of B-type BPS branes at a distinguished basepoint p∗ in Mk,
Π-stability tells how the spectrum varies as one moves around in Mk. A natural
choice for p∗ is large volume, where the category of topological branes is described
as the derived category of coherent sheaves of the underlying algebraic variety.
Near pLV, Π-stability reduces to µ-stability. (Douglas-Fiol-Römelsberger)

For a non-compact Calabi-Yau manifold, another interesting point is the orbifold
point, at which all central charges align. There, Π-stability can be related to
θ-stability for quiver representations. (Douglas-Fiol-Römelsberger, Aspinwall)

In this talk, the chosen basepoint is the Landau-Ginzburg orbifold point in the
moduli space of a compact Calabi-Yau manifold.
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Landau-Ginzburg models and matrix factorizations

An N = 2 Landau-Ginzburg model is specified in the bulk by the choice of a
worldsheet superpotential W , which is a (homogeneous) polynomial in chiral field
variables x1, x2, . . . , xr.

When considering Landau-Ginzburg model on a space with boundary, the
supersymmetry variation of the superpotential term exhibits a peculiar boundary
term. (This is generic for interactions from integrals over part of superspace.) This
“Warner problem” used to make it difficult to describe useful boundary conditions
in N = 2 Landau-Ginzburg models.

Matrix factorizations provide the solution of the Warner problem. (Kontsevich,
Kapustin-Li, Brunner-Herbst-Lerche-Scheuner).
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Let W ∈ R = C[x1, . . . , xr] be a polynomial.

A matrix factorization of W is a pair of N ×N matrices f , g with polynomial
entries satisfying

fg = gf = W · id

A matrix factorization is called reduced if all entries of f and g have no constant
term, i.e., f(0) = g(0) = 0.

Matrix factorizations (f, g) and (f ′, g′) are equivalent if they are related by a
similarity transformation

U1f = f ′U2 U2g = g′U1

where U1, U2 ∈ GL(N,R) are invertible matrices with polynomial entries.

Mathematically, stability is the problem of understanding matrix factorizations
modulo similarity transformations.
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The category MF(W ) of topological branes in the Landau-Ginzburg model has as
objects matrix factorizations

Q =
(

0 f
g 0

)
Q2 = W

and as morphisms cohomology classes of the boundary BRST operator D acting
as

DΦ = Q′Φ− (−1)ΦΦQ =
(

0 f ′

g′ 0

)(
A B
C D

)
−

(
A −B
−C D

)(
0 f
g 0

)

on morphisms Φ =
(

A B
C D

)
of free R modules.
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MF(W ) is a Z2 graded triangulated category with shift functor

Q[1] =
(

0 f
g 0

)
[1] =

(
0 g
f 0

)

and cones

Q =
(

Q1 0
T Q2

)

fitting into the triangle

Q
S1

ÁÁ<
<<

<<
<<

<

Q2

S2 @@££££££££

Q1
T

oo_ _ _ _ _ _ _ _

S1 =
(
1 0

)
S2 =

(
0
1

)

Note: [1]2 = 1, but this will be improved shortly.
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Physical Interpretation

The bulk superpotential can be viewed as the closed string tachyon. Similarly, the
matrices f and g can be viewed as open string tachyon configuration between a
stack of space-filling branes and anti-branes. The equation Q2 = W is the
condition that this tachyon configuration preserve N = 2 worldsheet
supersymmetry.

In the bulk, homogeneity of W is generally considered necessary and sufficient for
the existence of a useful IR fixed point.

The extent to which this might be true with boundaries is the subject of this talk.
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Graded Matrix Factorizations

W is homogeneous if there exists an assignement of R-charges qi ∈ Q such that

W (e iλqixi) = e2iλW (xi) λ ∈ R mod πHZ

This is a U (1) action with respect to which W is equivariant. It is natural to
require that this U (1) action can be extended to matrix factorizations. This
amounts to the existence of a representation

ρ : R/πHZ→ GL+(2N,R) = GL(N,R)×GL(N,R)

such that

ρ(0, xi) = ρ(πH, xi) = id2N×2N

ρ(λ, xi)Q(e iλqixi) = e iλQ(xi)ρ(λ, xi)
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We have a slightly non-standard group law

ρ(λ, xi)ρ(λ′, e iλqixi) = ρ(λ + λ′, xi)

Under gauge transformations, Q(xi) → U(xi)Q(xi)U(xi)−1 with
U ∈ GL+(2N,R), ρ transforms as

ρU(λ, xi) = U(xi)ρ(λ, xi)U(e iλqixi)−1

Note: This is a U (1) representation on the matrix factorization as a free R
module, not as a C vector space. If ρ can be diagonalized, then ρU is
xi-idependent. It is not immediately obvious that this is always possible.

It will become clear later why we have to allow also gauge transformations of
non-zero degree which make ρ non-diagonal and xi-dependent.
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Gradability is a topological condition

The generator of the U (1) action

R(λ, xi) = −i∂λρ(λ, xi)ρ(λ, xi)−1

satisfies
EQ + [R, Q] = Q ,

where

E =
∑

i

qixi
∂

∂xi

is the “Euler vector field”. W being quasi-homogeneous means EW = 2W , and
therefore, if Q2 = W ,

{Q,EQ−Q} = 0 ,

where {·, ·} is the anticommutator. In other words, EQ−Q defines a class in
H1(Q). The existence of R is the statement that this class is trivial.
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The vanishing of EQ−Q is mirror to the vanishing of the Maslov class of
Lagrangian submanifolds of symplectic manifolds, which is the necessary condition
that the Floer cohomology be Z-graded. (In general, if the symplectic manifold is
orientable, Floer cohomology is Z2-graded.)
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Here is an example of a non-gradable matrix factorization

The superpotential W = x3 + y7 is the simplest example that is not a simple
singularity. There is a finite number of families of rank one factorizations
(Schappert ’85). One of them is

f =
(

x2 − λy5 xy
xy + λ2y4 −λx + y2

)
g =

(
x− y2

λ
xy
λ

xy
λ + λy4 −x2

λ + y5

)

For λ 6= 0, this is stably equivalent to

f̃ =




−xy5 λxy4 + y6 −x2

y6 x2 − λy5 xy
−x2 − λy5 yx + λ2y4 −λx + y2


 g̃ =




λ y −x
y x 0
−x λy4 y5




which is non-reduced, but has a limit as λ → 0.
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W is homogeneous with qx = 2/3, qy = 2/7, but

Ef − f + R+f − fR− =
2
21

λ

(−y5 0
2λy4 −x

)
=

2
21

λ∂λf .

is proportional to the marginal deformation of the family, hence a non-trivial
cohomology class. For λ 6= 0, the matrix factorization is not quasi-homogeneous.

A geometric interpretation could relate (f, g) via mirror symmetry with a
Lagrangian with (generically) non-vanishing Maslov class.
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Further remarks

• If R exists, it might not be unique (more below)

• Given R, the morphism spaces inherit a Q-grading in addition to the Z2 grading

• The Q grading is compatible with the triangulated structure

• By orbifolding, one can combine the Z2 and Q grading to a single Z-grading,
together with a grade of the matrix factorization, i.e.,

q = ϕ′ − ϕ + n

• Conjecture: MF(W ) ∼= D(X), where X is the Calabi-Yau related to W/Γ via
GLSM (cf., Ashok, Dell’Aquila, Diaconescu)

• Landau-Ginzburg monodromy is shift by 2 in the Z graded category
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Ambiguities of R

The condition
EQ−Q = [Q,R]

fixes R up to the addition of an even Q cycle.

To fix the ambiguity, interpret R as a character on the gauge group of similarity
transformations (more below). Infinitesimally

δQ = [V, Q] with V ∈ Mat+(2N × 2N,R), TrV ∈ C
χR(V ) = Tr(RV )

The ambiguities of R can be fixed by the requirement that this character vanish
for trivially acting gauge transformations

Tr(RV ) = 0 whenever [V, Q] = 0
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RR charges and Index Theorem

If matrix factorizations represent D-branes in string theory, they must carry
Ramond-Ramond charge.

The RR ground states to which B-branes couple are those with qL = −qR. In a
ZH Landau-Ginzburg orbifold, these states can be described as follows. In the l-th
twisted sector, divide the fields in two groups, the twisted ones, {xt

i}, with
lqi /∈ 2Z, and the untwisted ones, {xu

i }i=1,...,rl
, with lqi ∈ 2Z. The RR ground

states with qL = −qR from the l-th twisted sector surviving the ZH projection are
in correspondence with the neutral RR ground states of the “effective” LG
potential Wl(xu

i ) = W (xu
i , xt

i = 0), obtained by setting the twisted fields to zero.
In turn, those correspond to the elements of the chiral ring of Wl with
qL = qR = ĉu/2, and survive the ZH projection if and only if rl is even.

Notation: HB
RR spanned by |l; α〉 in correspondence with φα

l in chiral ring of Wl.
Ql = Q(xu

i , xt
i = 0). Generator of ZH: γ
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The RR-charge of a matrix factorization Q is given by

ch(Q) : HB
RR → C

ch(Q)(|l; α〉) = 〈l; α|Q〉disk

=
1
rl!

ResWl

(
φα

l Str
[
γl(∂Ql)∧rl

])
=

1
rl!

∮
φα

l Str
[
γl(∂Ql)∧rl

]

∂1Wl · · · ∂rl
Wl

The residue is normalized by the dimension of chiral ring of Wl

Resl(det ∂i∂jWl) =
∮

det ∂i∂jWl

∂1Wl · · · ∂rl
Wl

= dimJl = µl =
∏

lqi∈2Z

2− qi

qi
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Index Theorem

Tr(−1)F =
∑

n∈Z
(−1)n dimHomn

MF(W )(Q,Q′) = 〈ch(Q′), ch(Q)〉

=
1
H

H−1∑

l=0

∑

α,β

ch(Q′)(|l; α〉) 1∏
lqi /∈2Z(1− ωl

i)
ηαβ

l ch(Q)(|l; β〉)∗

ηαβ
l : the inverse of the closed string topological metric in the l− th twisted sector,

ηl
αβ = Resl

(
φα

l φβ
l

)

Proof available in the case that rl = 0 in all twisted sectors (this includes the
quintic).
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Stability

The physical question: Which matrix factorizations flow under boundary
worldsheet RG flow, to a single, unitary, boundary conformal field theory?

In situations with spacetime supersymmetry, the BCFT will describe a BPS brane.

Mathematically, stability issues arise in the context of moduli problems. Typical
case: Symplectic quotient construction with respect to a reductive algebraic group.
The stable orbits admit a distinguished representative at the zeroes of the moment
map. This is the BPS object modulo the real gauge group.

(More generally, worldsheet RG flow should split the unstable objects at singular
points along the flow into the direct sum of its stable constituents.)
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• For a general homogeneous Landau-Ginzburg model, the unitarity constraint

0 ≤ q ≤ ĉ

and the assertion that worldsheet RG flow leads to a single BCFT in the IR makes
sense independent of orbifolding and integrality of central charge.

• For models with a geometric interpretation, this will be a particular stability
condition on D(X). It is distinguished by the fact that it originates in the
unorbifolded model. Smaller K-theory Ã more rigid stability condition.

• How to impose unitarity constraint in practice? Physical prescription: (Douglas)
Integrate out cancelling brane-antibrane pairs—In other words, restrict to reduced
matrix factorizations.

Note: This does not lead in an obvious way to an abelian category, which is
something one would expect on general grounds (Bridgeland) at least after
orbifolding.
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Proposal

Let W (x1, . . . , xr) be a quasi-homogeneous Landau-Ginzburg polynomial,
EW = 2W , where E =

∑
qixi∂i. Let Q be a reduced quasi-homogeneous matrix

factorization of W . Q is called R-semistable if in all triangles

Q
S1

ÁÁ<
<<

<<
<<

<

Q2

S2 @@££££££££

Q1
T

oo_ _ _ _ _ _ _ _

in which Q participates opposite to the fermionic morphism T , we have

qT ≤ 1 ⇔ qS1 ≥ 0 ⇔ qS2 ≥ 0 .

Q is stable if the only triangles for which qT = 1 are those with Q1 or Q2 equal
to Q (and the other equivalent to 0).
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Here qT is defined by the condition

ET + R2T − TR1 = qTT
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Simple check

With present definitions

Hom0(Q,Q′) = Hq=ϕ′−ϕ(Q,Q′)

morphism space
in Z-grading

888x8x8x8x8x8x8x

morphism space
in Q-grading

gg g' g' g' g' g' g' g'

(when grade of branes is defined) Then,

ϕ > ϕ′ ⇒ Hom0(Q,Q′) = 0

This is one of the conditions in the definition of Bridgeland
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Relation with moduli spaces

Mathematically, the problem is to understand solutions of Q2 = W modulo the
action of the gauge group G ∼= GL+(2N,R) ∼= GL(N,R)×GL(N,R). Ã An
algebraic group acting on a linear space with a constraint. This is analogous to
moduli spaces for quiver representations studied by King.

Let Y be the space of representations of a quiver. The gauge group G is the
product of GL’s at the nodes. Stability is defined with respect to a character
χ : G → C× via

Mumford’s Numerical Criterion

A representation y ∈ Y is χ-semistable iff χ is trivial on the stabilizer of y and if
every one-parameter subgroup g(λ) = eλa of G, for which limλ→∞ g(λ)y exists,
satisfies 〈dχ, a〉 ≥ 0, where dχ is the infinitesimal version of χ evaluated on the
generator a of g(λ).
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Here: All triangles in MF(W ) are isomorphic to the standard cone

Q = Q1 ⊕Q2 + T , R = R1 ⊕R2 + (qt − 1)
[

N2

N1 + N2
S1 − N1

N1 + N2
S2

]

where Si = id i. Under the one-parameter group of gauge transformations
generated by V = S1, this cone transforms as

Qλ = eλV Qe−λV = Q1 ⊕Q2 + e−λT −→
λ→∞

Q1 ⊕Q2 .

The limit λ →∞ splits the cone back into its constituents. The condition qT ≤ 1
is equivalent to

−Tr(RV ) = −(qt − 1)
2N2N1

N2 + N1
≥ 0

thus identifying Tr(R · ) as the character of G with respect to which we are
defining stability.
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Remarks on the gauge group

• As a complex Lie group, G is infinite-dimensional

• Degree 0 gauge transformations are generated by

g0 =
{
V ∈ g; EV + [R, V ] = 0

}

g0 is non-reductive! Since both polynomial and total degree are preserved in
matrix multiplication, g0 has a maximal solvable subalgebra consisting of those
matrices without constant term.
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Moment map-like flow

For a practical toy model: Introduce a hermitian metric on the space of matrix
factorizations

Q =
∑
α

Qαxα , Q′ =
∑
α

Q′
αxα , 〈Q,Q′〉 =

∑
α

Tr
(
Q†

αQ′
α

)

Restrict to a finite-dimensional subgroup of G and choose a basis of generators
{Vi}. Study the flow

dQ

dt
= −(〈Q, [V i, Q]〉 − TrRV i

)
[Vi, Q]

Note: This is a moment map for the maximal reductive subgroup of the degree 0
gauge group. As we will see, this gauge group is too small.
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Examples

Standard cone

Qλ = Q1 ⊕Q2 + e−λT

dλ

dt
=

(
e−2λ||T ||2 + (qT − 1)β

)

with β = 2N1N2/(N2 + N1).

Ã Stable for qT < 1, unstable for qT ≥ 1.
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Brane-Antibrane Annihilation

Let (f, g) be a matrix factorization of W with R-matrix R = (R+, R−), and
consider the cone over the identity id : (f, g) → (f, g),

Q0 =




0 0 f 0
0 0 1 g
g 0 0 0
−1 f 0 0


 .

This is gauge equivalent to direct sums of the trivial factorization W = 1 ·W via
the gauge transformation

Uλ =




1 −λf 0 0
0 1 0 0
0 0 1 λg
0 0 0 1


 U1Q0U

−1
1 =




0 0 0 −W
0 0 1 0
0 W 0 0
−1 0 0 0



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What is the correct R-matrix? Starting from the cone, we would guess

Rcone =




R+ − 1
2 0 0 0

0 R− + 1
2 0 0

0 0 R− − 1
2 0

0 0 0 R+ + 1
2




This does not satisfy Tr(RV ) = 0 for trivially acting gauge transformations, and
does not transform into diag(−1/2, 1/2,−1/2, 1/2) under U1.

The “correct” choice is

R0 =




−1
2 R+f − fR− 0 0

0 1
2 0 0

0 0 −1
2 gR+ −R−g

0 0 0 1
2



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(The correctness of this choice is more obvious if we consider not only
brane-antibrane.)

But this does not assign degree 0 to the gauge transformation Uλ!

Conclusion: Gauge transformations of non-zero degree are naturally important to
describe brane-antibrane annihilation.

The naive flow (which makes sense only with R0!) leads to λ = 1, as expected.
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Stable and unstable flows

Consider superpotential W = x5 + y5, and factorization

funst =




x y 0
0 x3 y
y3 0 x


 gunst =




x4 −xy y2

y4 x2 −xy
−x3y3 y4 x4




R = diag(7/10,−1/10,−1/10, 1/10, 1/10,−7/10)

This factorization is unstable. There is a morphism of negative degree q = − 1
10

with the tensor product of minimal models (ĉ = 6/5). Study the decay into
minimal model branes via

Funst =




x y 0 0
−y4 x4 0 0
0 −x3 x4 −y
y3 0 y4 x


 , with corresponding Gunst



37

Compare the flow of (Funst, Gunst) with that of (Fstab, Gstab)

Fstab =




x y2 0 0
−y3 x4 0 0
0 −x3 x4 −y2

y 0 y3 x


 , Gstab

which to best knowledge is stable and equivalent to

fstab =




x y2 0
0 x3 y2

y 0 x


 , gstab = adj(fstab)

Ã Study the flow on associated 12-parameter gauge orbits.
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Results

• Starting from generic initial conditions, the flow splits (Funst, Gunst) into
minimal model branes.

• On the other hand, (Fstab, Gstab) flows to the reduced configuration
(fstab, gstab) and a copy of the trivial brane (1,W ).

• Caveat: Because the gauge group is not reductive, the flow is not convex. There
are other stationary points on the gauge orbits. But these are unstable in the
dynamical sense.

• Other example: W = xh + y3,

f =




xn y 0
0 xn y
y 0 xh−2n




These are unstable when n < h/6 and stable otherwise.
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Summary

• Matrix factorizations are a particularly tractable model for D-branes in
Calabi-Yau backgrounds

• Clarified the gradability and grading of matrix factorizations. Relevance of gauge
transformations of non-zero degree

• The Landau-Ginzburg model appears to admit a notion of R-stability that is
independent of what is going on in the rest of the moduli space

• A naive moment map-like flow works well in several examples


