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16 of Spin(10): Breaks into one family of
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right-handed Neutrino.

16 of Spin(10): Anti-family.
10 = 10 of Spin(10): Higgs and color triplets.
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Line Bundles

On any variety Y, we have

{Divisors D} / = {Line bundles OY(D)}

Linear equivalence

For X, By, Bs, P! that is just cohomology class
of the divisor in %!,

Every line bundle is of the form

O)}:(«TlTl + LT + CC'3¢) , L1, T2,T3 € L.

OBi(ylti +vyafi) » Y1, Y2 € Z.
Opl (TL) , N € 2.
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Equivariant Line Bundles I

Work with Have in mind

(z-equivariant line Line bundles on
bundles on X X=X/G

An equivariant line bundle is a
line bundle L together with a

group actiony : G x L — L: XX

L——=L
L)
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Equivariant Line Bundles II

« Most line bundles on X cannot be made
equivariant.

e Only the line bundles O 3 (z171 + 272 + 23¢)
, L1, L9, T3 € 7, with x1 + 2o =0 mod 3
allow for a G = Zs x Zs action.
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Notation

Consider the trivial line bundle O ; = X x C.

Obvious equivariant action
Y X xC— X xC, (p,v) — (9(p),v)
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Notation

Consider the trivial line bundle O ; = X x C.

Obvious equivariant action
Y X xC— X xC, (p,v) — (9(p),v)

Different equivariant action by multiplying
with a character

XYy : X XC — X xC, (p,v) — (9(p), x(g)v)
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Notation

Consider the trivial line bundle O ; = X x C.

Obvious equivariant action
Y X xC— X xC, (p,v) — (9(p),v)

Different equivariant action by multiplying
with a character

XYy : X XC — X xC, (p,v) — (9(p), x(g)v)

We write xO 5 for this different equivariant
line bundle.
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The Serre Construction

A way to construct may stable rank 2 vector
bundles on a surface (here: By and B»).

Take two line bund

les Ll, £J2.

An ideal sheaf I (s

heaf of functions

vanishing at some fixed points).

Define S as an extension

00— L — 8

Cayley-Bacharach property = generic
extension is a rank 2 vector bundle.
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Equivariant Vector Bundles

Work with Have in mind

G-eq];livagiant | Vector bundles on
vector bundles on | = X=X/G

X

Problem: Even if €, F are equivariant,

0—¢& —V—3F —0

Extension is not necessarily equivariant!

L G
Only extensions in Ext' (F,&) " are
equivariant.

A Heterotic Standard Model / University of North Carolina at Chapel Hill 25/ 54



Equivariant Example
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0 — Op,(—2f3) — W — x20p5,(2f2) ® Ig — 0

e Op,(—2f2), x20p,(2f>) are equivariant.
e Iqis the ideal sheaf of one G orbit.

o Has the Cayley-Bacharach property.
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Equivariant Example

0 — Op,(—2f3) — W — x20p5,(2f2) ® Ig — 0

e Op,(—2f2), x20p,(2f>) are equivariant.
e Iqis the ideal sheaf of one G orbit.
o Has the Cayley-Bacharach property.

o Ext! (x:05,2f) ® Iy, Op,(~2fs)) = C°

A Heterotic Standard Model / University of North Carolina at Chapel Hill 26 / 54



Equivariant Example

0 — Op,(—2f3) — W — x20p5,(2f2) ® Ig — 0

e Op,(—2fs), x20p,(2f,) are equivariant.
e Igis the ideal sheaf of one GG orbit.
o Has the Cayley-Bacharach property.

° Eth (XQOBQ(QfQ) ® ]9, OBQ(—2f2)> — Reg(G) —
1 X1 DD x2® x1X2 D X2x2 B X2 B X1X3 D X2\ 2
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Equivariant Example

0 — Op,(—2f3) — W — x20p5,(2f2) ® Ig — 0

e Op,(—2fs), x20p,(2f,) are equivariant.
e Igis the ideal sheaf of one GG orbit.
o Has the Cayley-Bacharach property.

o Bxt! (x205,25) ® Iy, Op,(~2f)) = Reg(G) =

@ X1 B XD x2 B X1x2 D x3x2 B X2 D X132 B X2
SO there exist extensions.

A Heterotic Standard Model / University of North Carolina at Chapel Hill 26 / 54



Constructing Vector Bundles

tntroduction Building blocks:

The Calabi-Yau

The Vector Bundle ° Line bundles Oon X.

[0 Line Bundles

U Equivariant Line

Bundes | o Rank 2 bundles pulled back from B, Bs.

0 Equivariant Line
Bundles II

[ Notation

(1 The Serre
Construction

0 Equivariant Vector
Bundles

U Equivariant
Example

[J Constructing
Vector Bundles
A First Heterotic
Standard Model

Spectral Sequences

A New Heterotic
Standard Model

Conclusion

A Heterotic Standard Model / University of North Carolina at Chapel Hill 27 / 54



Constructing Vector Bundles

tntroduction Building blocks:

The Calabi-Yau

The Vector Bundle
[0 Line Bundles

« Line bundles on X.
sndes1 o Rank 2 bundles pulled back from By, Bs.

0 Equivariant Line
Bundles II

0 Notation Operations:

[ The Serre

Cramrmecor @ Tensor product of bundles.
undles

lé Equivariant

Example

[J Constructing
Vector Bundles
A First Heterotic
Standard Model

Spectral Sequences

A New Heterotic
Standard Model

Conclusion

A Heterotic Standard Model / University of North Carolina at Chapel Hill 27 / 54



Constructing Vector Bundles

tntroduction Building blocks:

The Calabi-Yau

« Line bundles on X.

The Vector Bundle

[ Line Bundles
U Equivariant Line

Bundes | o Rank 2 bundles pulled back from B, Bs.

0 Equivariant Line
Bundles II

0 Notation Operations:

(1 The Serre
Construction

0 Equivariant Vector o TGHSOI' pI'OdUCt Of bundleS.
Bundles
U Equivariant

Example o SumS Of bundleS.
[J Constructing

Vector Bundles

A First Heterotic

Standard Model

Spectral Sequences

A New Heterotic
Standard Model

Conclusion

A Heterotic Standard Model / University of North Carolina at Chapel Hill 27 / 54



Constructing Vector Bundles

tntroduction Building blocks:

The Calabi-Yau

The Vector Bundle ° Line bundles Oon X.

[ Line Bundles
U Equivariant Line

Bundes | o Rank 2 bundles pulled back from B, Bs.

0 Equivariant Line
Bundles II
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Bundles

Eaple o Butis st unaMs/ Never (slope-) stable!
[J Constructing
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O Particle Spectrum
(0 The Lagrangian
[ The String Miracle

Spectral Sequences

A New Heterotic
Standard Model

Conclusion

The Gauge Bundle

Define these two rank 2 vector bundles
VvV, = X2055(—71 -+ 72) D X2O)}(—Tl + 72) —
= 2x205(—71 + 1)
Vo = 05(m1 — 1) @ (W)

We define the rank 4 bundle V finally as a
generic extension

0—Vy —V—YV —0

hep-th/0501070: A Heterotic Standard Model
hep-th/0502155: A Standard Model from the E'g X Eg Heterotic Superstring
hep-th/0505041: Vector Bundle Extensions, Sheaf Cohomology, and the Heterotic Standard Model
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A First Heterotic
Standard Model

[0 The Gauge Bundle

[ Particle Spectrum

(0 The Lagrangian
0 The String Miracle

Spectral Sequences

A New Heterotic
Standard Model

Conclusion

Particle Spectrum

o 3 families of quarks and leptons.
e Zero anti-families.
e 4 Higgs (twice MSSM).

o Doublets and triplets are completely split,
all triplets are projected out.

o Hidden pure E; or Spin(12) with 2 matter
fields.

e 6 geometric moduli, 19 vector bundle
moduli, some hidden Eyx bundle moduli.

hep-th/0509051: Heterotic Standard Model Moduli
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The Vector Bundle

A First Heterotic
Standard Model

[0 The Gauge Bundle
O Particle Spectrum

[0 The Lagrangian
0 The String Miracle

Spectral Sequences

A New Heterotic
Standard Model

The Lagrangian

Of course, we do not know the Kahler
potential. What can we learn from the
superpotential W/?

o Higgs u-terms ¢ HH
o Yukawa couplings Q; HQ; + Q;HQ;
Field | Name

Conclusion

¢ | Vector bundle moduli
H | Higgs

H | Higgs-conjugate
Q; | Quarks & leptons of the i-th family

Qi | Anti-Q;
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The String Miracle
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The String Miracle

Compactifying on (X, V)/G, we found

Higgs p-terms ¢ H H with 4 out of the 19
vector bundle moduli.

hep-th/0510142: Moduli Dependent p-Terms in a Heterotic Standard Model
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Introduction

I Compactifying on ()A(/ ,'V)/G, we found
theveaorbnde o Hijggs 1-terms ¢H H with 4 out of the 19

A First Heterotic

Standard Model vector bundle mOdUIi.

[0 The Gauge Bundle
O Particle Spectrum

\The Lagrangian o No Yukawa couplings.
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Conclusion
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Spectral Sequences

A New Heterotic
Standard Model

Conclusion

The String Miracle

Compactifying on (X, V)/G, we found

Higgs p-terms ¢ H H with 4 out of the 19
vector bundle moduli.

No Yukawa couplings.

Yukawa textures
without symmetries!?!

hep-th/0510142: Moduli Dependent p-Terms in a Heterotic Standard Model
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Leray Spectral Sequence

fsodvetion How did we compute all these cohomology

The Calabi-Yau

The Vector Bundle g roup S ?

A First Heterotic

Standard Model Leray spectral sequence for any sheaf J on
Spectral Sequences iy
DLeray Spctral X — B 2:

Sequence

00 An Example

0 Leray Degrees p,.q D q D+q e

[ Leray Degree Table E2 o H (BQ , R 7-‘-2* 95) j H (X ) 95)

O The
Superpotential

Ll More on Leray
Degrees

A New Heterotic
Standard Model

Conclusion
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[0 Leray Spectral
Sequence

00 An Example

] Leray Degrees
[ Leray Degree Table

O The
Superpotential

Ll More on Leray
Degrees

A New Heterotic
Standard Model

Conclusion

Leray Spectral Sequence

How did we compute all these cohomology
groups?

Leray spectral sequence for any sheat I on
X — BQI

EP9 — [P (BQ, waz*?) — (55 3")

—

Rimy, is just the degree ¢ cohomology along
the fiber.
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Leray Spectral Sequence

fsodvetion How did we compute all these cohomology

The Calabi-Yau

The Vector Bundle g roup S ?

A First Heterotic

Standard Model Leray spectral sequence for any sheaf J on

Spectral Sequences .

0 Leray Spectral X — B Do

Sequence

00 An Example

O Leray Degrees p,.q D q p—|—q

[ Leray Degree Table E H (BQ ) R 7-‘-2* Sj :> H X? 9:(

O The
Superpotential

Ll More on Leray

Do Ry, is just the“degree ¢ cohomology along
Standard Model the fiber.

Conclusion

Think of E3 as the “forms with p legs along
the base and ¢ legs along the fiber”.
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A New Heterotic
Standard Model

Conclusion

An Example

Example: H! ()A(i, /\2\7) = H! (X,ZXQT(S(W))

ﬂQ*(QXQﬂ;(WV)>1::2XQWV
Rlms, (QXQW;(W)> = 2x1X2W ® Op,(— f2)

Compute H?(By,---) by two more Leray SS...

q=1

= l?gﬁziii q=0

0 2®2x1B2x2P2xTD2x53D2X1X3D2XTx2 0
0 202x1P2x2B2XTE2X53B2X1X5P2xTx2 O

p=0 p=1 p=2
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0 Leray Spectral
Sequence

00 An Example

[J Leray Degrees

[ Leray Degree Table

O The
Superpotential

Ll More on Leray
Degrees

A New Heterotic
Standard Model

Conclusion

Leray Degrees

The two fibrations

dim@ = J:
dim@ =2
dim@ =1:

/\“
\/

allow us to refine the cohomology degree
according to # of legs in the m; fiber, the base,
and the m, fiber direction.
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Leray Degree Table

Field Cohomology | Fiber 1 Base Fiber 2
Q;, Q; H'(X,"V) 0 0 1
Hy, Hy — HY(X,A?V)
Hy,H,  H'(X,AV)

b1,.. . 01 HY (X, Ve V)
s, 1o HY(X, V@ VY)

o = O O
o o O =
_ O = O
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Leray Degree Table

Field Cohomology | Fiber 1 Base Fiber 2
Qi, Qi H' (X, V) 0 0 L

Hy, Hy — HY(X,A?V)
Hy, H, — HY(X,A?V)
b1,.. . 01 HY (X, Ve V)
s, 1o HY(X, V@ VY)

Q H*(X,05)

_ O = O O
_ o O O =
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H' (X , 88V> = (lots of other fields) &

@ & & D

- —~ G

oo H' (X, A7) @ (1,2,3,0)0

- ~ G

oo B (X, V)| @ (3,1,-2,-2)@

9 (v A2 ¢ 5

2 (5 2v\19 o
wg e H'(X, A7) ®(3,1,2,2).

A Heterotic Standard Model / University of North Carolina at Chapel Hill 47 / 54



Cohomology

Introduction

The necessary cohomology groups for V are

The Calabi-Yau

The Vector Bundle

A First Heterotic ]-
Standard Model H (X 9 V)

3 Reg(G)

Spectral Sequences

A New Heterotic H 1 (X , ’\7\/ )

0

Standard Model

[0 Ideal Sheaves N N

[J Serre Construction ]_ 2 L ]. L
0 The Gauge Bundle H (X7 /\ v) o H (X7 V]. ® V2) -
U Low Energy

Spectrum

[l Gauge Group — X].XQ @ X%X% @ X2 @ X%

Breaking

(1 Vector Bundle
Breaking

(0 The Higgs Sector

[0 Cohomology

O Doublet-Triplet
Splitting

[l Leray Degrees

Conclusion

A Heterotic Standard Model / University of North Carolina at Chapel Hill 48 / 54



Doublet-Triplet Splitting

Introduction

The Calabi-Yau Hl X’) /\2'\7 — X1X2 @ X%X% @ X2 @ X%

The Vector Bundle

A First Heterotic
Standard Model

Spectral Sequences

A New Heterotic
Standard Model

[0 Ideal Sheaves
[ Serre Construction
[0 The Gauge Bundle

U Low Energy
Spectrum

[l Gauge Group
Breaking

(1 Vector Bundle
Breaking

(0 The Higgs Sector
O Cohomology

[0 Doublet-Triplet
Splitting

[l Leray Degrees

Conclusion

A Heterotic Standard Model / University of North Carolina at Chapel Hill 49 / 54



Introduction

The Calabi-Yau

The Vector Bundle

A First Heterotic
Standard Model

Spectral Sequences

A New Heterotic
Standard Model

[0 Ideal Sheaves
[ Serre Construction
[0 The Gauge Bundle

U Low Energy
Spectrum

[l Gauge Group
Breaking

(1 Vector Bundle
Breaking

(0 The Higgs Sector
O Cohomology

[0 Doublet-Triplet
Splitting

[l Leray Degrees

Conclusion

1

~

e

Yo @ HY X, A*V

Doublet-Triplet Splitting

H' (X, A*V) = x1x2 D XX D X2 D x5

up Higgs

A Heterotic Standard Model / University of North Carolina at Chapel Hill

49 / 54



Doublet-Triplet Splitting

Introduction

e H' (Xa /\2\7) = X1X2 D XiX5 ® X2 D X5 D 0X1X5

The Vector Bundle

A First Heterotic
Standard Model

Spectral Sequences

A New Heterotic
Standard Model 1

[0 Ideal Sheaves

~

— o H ( X, up Higgs

[ Serre Construction
[0 The Gauge Bundle

- ~ G
[ Low Energy O — X%XQ @ Hl (X, /\2\7” 3

Spectrum -

[l Gauge Group
Breaking

(1 Vector Bundle
Breaking

(0 The Higgs Sector
O Cohomology

[0 Doublet-Triplet
Splitting

[l Leray Degrees

Conclusion

A Heterotic Standard Model / University of North Carolina at Chapel Hill 49 / 54



Introduction

The Calabi-Yau

The Vector Bundle

H! (5(:, /\2\7) = X1X2D X%X% S

A First Heterotic
Standard Model

Spectral Sequences

A New Heterotic
Standard Model

[0 Ideal Sheaves
[ Serre Construction
[0 The Gauge Bundle

U Low Energy
Spectrum

[l Gauge Group
Breaking

(1 Vector Bundle
Breaking

(0 The Higgs Sector
O Cohomology

[0 Doublet-Triplet
Splitting

[l Leray Degrees

Conclusion

Doublet-Triplet Splitting

2@X3

up Higgs
G
, /\2\7)} 3

G
X5 ® H? (X , /\2\7)} down Higgs

A Heterotic Standard Model / University of North Carolina at Chapel Hill 49 / 54



Doublet-Triplet Splitting

Introduction

The Calabi-Yau Hl (X) AQV) — X1X2 @ X%X% @ XQ @ X% @ OX%XQ

The Vector Bundle

A First Heterotic
Standard Model

Spectral Sequences

A New Heterotic - N G
Standard Model
[J Ideal Sheaves 1 — XQ ® Hl (X, A2v>:|

[ Serre Construction

0 The Gauge Bundle i iy
ELowEnergy O — X%XQ ® Hl (X, /\2
pectrum i

U Gauge Group 5 . N
Breaking o

O Vector Bundle 1 _ X2 ® H (X 3 V) :|
Breaking .

(0 The Higgs Sector

- » G B
0 Cohomology 0= Xlxg X Hl (X, /\2f\7)i| §

[0 Doublet-Triplet
Splitting

[l Leray Degrees

down Higgs

Conclusion

A Heterotic Standard Model / University of North Carolina at Chapel Hill 49 / 54



Introduction

The Calabi-Yau

The Vector Bundle

A First Heterotic
Standard Model

Spectral Sequences

A New Heterotic
Standard Model

[0 Ideal Sheaves
[ Serre Construction
[0 The Gauge Bundle

U Low Energy
Spectrum

[l Gauge Group
Breaking

(1 Vector Bundle
Breaking

(0 The Higgs Sector
O Cohomology

[0 Doublet-Triplet
Splitting

[l Leray Degrees

Conclusion

Doublet-Triplet Splitting

H' (55, /\2\7) = X1X2 B XTX5 B X2 D X3

- ~ G

1= |y ® H! (X, /\2\7)} up Higgs
- ~ G

0= |x}® H' (X, /\2\7” 3

— ~ G
1= |x5® H! (X, /\2\7)} down Higgs

- » G B
0 = Xlx%@Hl(X, /\2\7)} 3

A Heterotic Standard Model / University of North Carolina at Chapel Hill 49 / 54



Leray Degrees
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Hy, H, H' (X, A*V) 0 1 0
b,...7 H (X, VeV)| ? ?
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Summary

Al The “new” Heterotic Standard Model has

The Calabi-Yau
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Conclusion (eXaCt MS SM) .

. :
nmporantLessons - PDoublets and triplets are completely split,
p p y sp

U Future Directions
all triplets are projected out.

e Yukawa couplings.

o No Higgs u-terms, but can get those from
D-terms.
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Future Directions

Supersymmetry breaking.
U(1)p_1, breaking.

Instanton corrections to Yukawa couplings.

Moduli stabilization.
Revisit SU(5) with Z, Wilson line: no
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