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Why are twistors interesting?

= Twistor string theory

* A weak coupling version of the AdS/CFT duality
(Witten)

= Calculation of gauge theory amplitudes

* Direct calculation difficult due to large numbers of
Feynman diagrams

* Twistor techniques led to

A formula for tree level S-matrix in QCDN = 4 YM ~ QCD at
tree-leve) (Witten; Spradlin, Roiban, Volovich, )..

Many one-loop amplitudesdumber of different groups
New recursion rules which facilitate calculationgchazo,

Svrcek, Witten; Britto, Cachazo, Feng, Witten; +)...
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Plan of the talk

= MHV amplitudes for gauge theory

= (Super)twistor space

= Twistor version of MHV and generalization

= Twistor strings (Witten, Berkovits)

= Graviton MHV amplitudes, hints o/ = 8 supergravity
= New twistor strings

= More graviton amplitudes, do we haé = 8 supergravity?
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The MHV amplitudes

(Maximally Helicity Violating amplitudes)
Gluons are massless, = p>=0 = p, is anull vector.

A A Po + D3 pl_iPQ A —
p*i = (") pu = | = T4
P1 T 1P2  Po — D3

(m, 1) — samep,, p,isreal= 7, = (7)*
1 p1 — 1p2 _ 1 p1 +1p2
T = : T =
VPo — D3 Po — P3 VPo = P3 Po — P3

For every momentum for a massless partiele a spinor
momentumr.
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The MHV amplitudes (cont’d.)

s Lorentz transformation

= Lorentz-invariant scalar product
(12) = 7y - Ty = €4B 7714 Ty
= Gluon helicity

TaAA/T - A +1 helicity

AiTa /T A —1 helicity

Write amplitudes in terms of these invariants
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The MHV amplitudes (cont’d.)

Results obtained in 1986 yarke and Taylgmproved by
Berends and Giele

A(1G,292,388, .- ni") =0

A2 29238, .- ni") =0

A(191,2%2 3% ... nf) = ig" 2 (2m)* 0 (pr + ... + pn) M
+noncyclic permutations

Tr(to1¢e - . . o)

M(lil, 26127 33'/_37 ce ’ni”) — <12>4 <12> <23> e <n — 1 n> <n1>

We will rewrite this in three steps

NAIR @UNC-DUKE - p 6/34



The first step: The Dirac determinant

Trlog D; = Trlog(ds + As)
= Trlog (1 -+ éAg) + constant

Trlog D Z/ d*wy d’zy (=1 Tr[A:(1) - -- Az (n)]
I‘ O 2 f— o o o
5 - 7T 7T n 212 223 " Rpn—1n <nl

(1) I
(95 19 7T(Zl—22) T 219

»'s ~ local coordinates o P'.

CP' = {u* a=1,2, |u* ~ pu®}, u® = ., p#0
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The Dirac determinant (cont’'d.)

2z = 3/ on coordinate patch with # 0

B B Broag — Paa

2] — 29 = — — — =
aq 9 109

b
€abUTUy UL - U

19 109

Definea?A. = A

A(2)--- A(n)]
Trlog D; = Z /u1 0 ()

If u* — 74, the denominators are right for YM amplitudes.
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The second step: Helicity factors

= Lorentz generator

J 1 0 N 0 B
= S|\ TAZ 75 TT™B3 2 TA = €EABT
AB = 5 |\ TA5 5 By A | A AB
= Spin operatoS,, ~ €,,,5J"*p°,  J* = Lorentz generator
= S,,=J%578r; = —pﬁs
= Helicity
1 0
s = ——m—
2 Orn4
1

— —§{degree of homogeneity in 7TA}

Consistent with powers of in amplitude
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Helicity factors (cont’d.)

04 = Anticommuting spinoe [ d?0 0405 = eap =

/ 20 (70)(x'0) = / 20 (x40, (x%0) — 7+ 7

Need 4 such powers- N = 4 superfield

a — a « a 1 87 a 1 « —a
A(?T,?T):CL+—|-§ aa+§€ fﬁa&5+§f 5567604575@5
_|_£1£2£3£4 CLCi

£ = (mh)* = WAHj, a=1,2234

a’ = Positive helicity gluon, «* = Negative helicity gluon
(g, 0%, agg = Spin—% and spin-zero particles

o)
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The MHV formula for N =4 SYM

Gauge potential for Dirac determinant

A= gt®A%exp(ip - )
1 ]
LAl = - /d89d4x Trlog D:
9

d ud—1r

MHYV amplitude is
A(lcila 26127 33—37 T nj_n)
_ [ ) 0 0 0
0alt (p1) 0a??(p2) 0a®(ps)  dai"(pn) a=0

(Nair, 1989
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An alternate representation

| | 1 | 1 | |
eXp(Zn-€)=1+m-€+gzn-fzn-ergm-ﬁm-fm-f
1 | | |
+5m-€m-€m-§m-§

n-£=mn.,€%  state of particle= |7, n)

A=gtta®exp(ip-x +in-§)

Amplitudes~ coefficient ofa™ in T'[A]
For1 and2 of negative helicity, choose the coefficient of

T1117)217)317)41 T)127)227)3217)42 ™~ H Tla1 H 132
o B
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(Supern)twistor space
= Twistor
7%= (W,;,UY), Z*~X\Z% X#0 — CP?
= A holomorphic line in twistor space
CcCpP! —» CpP’
u? /A
Wi=xz;,u”, U*=u" U =b;'u’=u” by SL(2,C)

= Local complex coordinates ot

T4 + iJ?g To + i.fl . ;
Tijg = . | = Ty +1T;0
—T9o + 11 T4 — 1I3
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(Super)twistor space (cont'd.)

W ;= local complex coordinates on spacetime

= Moduli space of lines
Moduli ~ x ; 4
Spacetime- moduli space of lines in twistor space

= N = 4 supertwistor
(2°,6%) = (W4, U, €),  Z%~NZ%, €%~ A"
— CP3"  (Calabi—Yau supermanifold)

= A holomorphic line in supertwistor space

I A A_ 1A b __ A o __ pnoo,.a
Wi=x;,u", U =byu =u", =07 u
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The third step: Lines in twistor space (/Vitten)

exp(ip - ) = exp (; AxAAﬂA) = exp (2 AW, )

- ’U,A:T('A

W, =z, ,u”. Regard¥ ; as a free variable,

=  U? |44 T
/da ) (F — ﬁ) exp (27TA771U—’14) —exp(§ 7 i )

=exp(ip - z)

setting;, = =, , v, U® =u?, o=u?/u!,local coordinate
on CP'
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Lines in twistor space (cont’d.)

A=ig"? / d*xd6 /dal - ~do,

Tr(to - - - ¢o) 2 U?(0y)
or o2 — ) (om =) L1 (F - Ul(a»)
i_i Wiles) . 1 &%)
- (57”‘ gy T Ul(a»)

+ noncyclic permutations

Wi =, u U4 =u, £ =0 u"

a

Remark Calculate with signaturé+ + ——) (real twistors) and
continue
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Properties of the amplitude A

= Holomorphic in the twistor variableg<, £, holomorphic in
the variables or u°.

= Invariant undeZ® — \Z%, €& — X%,

= Has support only on a curve of degree one in supertwistor
space

= Integration over the moduit ; ,, 0%

One can obtain the amplitude by taking
1. Holomorphic mapgCP' — CP?, degree one
2. Pickn pointsoy, 09, , 0,

3. Evaluate the integral in overs, the moduli of the chosen
map
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Generalization to non-MHV amplitudes

Use a holomorphic map of degréevhered + 1 is the number

of negative helicity gluons

Wilo) = (uh) ) b0, U (o) = (u')? ) azo"

Integration over moduli

d2d—|—2a d2d—|—2b d4d—|—4

§
= o lIGL(2.C)

Scale invariance 6 L(2,C) = GL(2,C)
(Explicit checks bySpradlin, Roiban, Volovich + othéys
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Justification: Twistor strings

1. (Witten) Topological B-model, target space€P>!*
Open strings which end oR5-branes¢® = 0, = A(Z, Z,§)
1 2
- —/ OATH(AD A+ 2 A
2 Jy 3

Y cCP, £=0

1
Q= Jicaps2°dZ°dZ7dZ° dydéadésds

= top —rank holomorphic form on cp3i

Equations of motior= 04 + ... = 0
Holomorphic fields on twistor space massless fields on
spacetimelenrose correspondence
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Twistor strings (cont’d.)

Effective action in spacetime
1 = /TI‘ {GABFAB +)ZAQDAAX£+---}
GAP = self-dual field, helicity—1, A ~ helicity +1

D1-branes (instantons} +32 [ G%¢
Integrate this out> N = 4 YM with € ~ g7

(GA) ~ 1, (AA) ~ e, G AA—vertex

(d+1)G's = des = Instanton number 4

d 4+ 1 negative helicity gluons> Holomorphic maps of degreé
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Twistor strings (cont’d.)

2. Berkovits string theory

= The action Is
S:/ YO+ A)Z + Sc
7 stands for(W4, U4, £%), similarly for Y.
= AisaGL(1,C) gauge field,
Z =N, Y - \'Y, A— A—0log\
= On the sphere, there are monopole configurationstfor

A=A44+00, [dA] =) [dO]det(0)

d
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Twistor strings (cont’d.)

= For genus zero, us8P*; there are zero modes far,

7 = E Ugrana, U u"? - u” + higher nonzero modes
{a}
a_§ 0! ai,, a2 .. ,,0d
{a}

= Higher nonzero modes hawgs with N, — N; = d. They
are not holomorphic lines.

= Correlators have the form_ ,C, My,

\ . J/

M, — / det 9] det(D)e—5ce= I YO+ANZ 11y v
=C=D—-N-284C¢
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Twistor strings (cont’d.)

= The vertex operators for gauge fields are giverVpy=

deCI)Z J

= ® Is holomorphic of degree zero . It is of degree-2 in
the spinor momenturi.

= J IS current forS- and

B(IT, 1) =5 [T Z(0)] 24

xexp(

[* = (0,7*) = (0,0, 7", 7?), A, = (0,0,1,0)

I1-A
I1-Z(o) I
Z(o)- A

A +iZ?US%An-§(0)>

DO | .
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Twistor strings (cont’d.)

= Correlators foll/g are saturated by zero modes, integration
over fields is now integration over moduli of zero modes
(holomorphic curvey=- previous expression

= There are other vertex operators which give (super)gnasito

= The theory becomes the theory8f= 4 SYM coupled to
N = 4 conformal supergravity.

= [t would be interesting/useful to if one can decouple gsavit
The conformal gravitons occur in loops, there is no
dimensional parameter which can be tuned to eliminate
them.

= Independently, we can ask, is there a similar story for
gravitons of the Einstein theory?
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Graviton amplitudes

= MHV amplitudes for gravitons has been calculated
(Berends, Giele, Kuijf

A= (@)

(123 [12“71—271—1 H H i)

(In—1)
1=1 j=1+2

M

+P(2,3,....,n — 2)
whereN(n) = [[; .;.; (tJ), = V327G
P(2,3,...,n — 2) indicates permutations of the labels
2,3,....,n — 2.
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Graviton amplitudes (cont’d.)

= The quantityF’ is

( .
H?:?,B ﬁ-Al(pl—Fl + Piyo + -+ pn_l)ﬁﬂ;? n >0
1 n =5

F=

\
= [¢j] IS the prOdUC’EABﬁAﬁBj. This is antiholomorphic
= The4-point amplitude is

. 1
M(1-,2_,34,44) = (12) [(12}(23><34><41>]

2P4) 1
X[@bu@@mmJ

2Py _ mpPimt 1241,
I R . B
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Graviton amplitudes (cont’d.)

= Introduce a set of fermion fields, y,

1

@(1)x(2)) = (P1x2) = 12

= We can use a Penrose contour integral

7{ e AN NP 1 1
Cy

omi (AN (A1) JA) = @f (4)

= This leads to

2P4) 1 B 2P))
(24) (13)(34)(41) ]€4 Olorbeo) T35 (X9)s(x9)axil0)

_ j’é RO v GO TRY
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Graviton amplitudes (cont’d.)

= The factor<12>8 can come from\ = 8 supersymmetry, the
denominatorg12)(23)... can come from Dirac propagators.

= This finally leads to[{air)

15 5 5 6
1.2 ... — » h.v.1
AL, 2, n) 2 6hs 0T _o 0.1 00, Wik, v,1]

14 A=0

4 1
W[h,?], 1] = ——F d4$d169 %C<)\H/1 ((?_—A) ’)\>
n 11

/{2

- - ’Ul:

A=V +¢€.
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Graviton amplitudes (cont’d.)

= V, € are the vertex operators

Vo= —%v;@ exp(ip - x + im"0%n")

ﬁA)\A(—iVﬁ)
(TA)

E = —Thexp(zp x + imt0%n®)

= The nonholomorphic terms are Chan-Paton factors,

D4

L= (0" [e%8, — witT?] m VA — (h98, +w )

A

J contains a term like/¢.

= IS there a ‘twistor string’ fo'V = 8 supergravity?
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New twistor strings

= (Abou-Zeid, Hull, Masollt is possible to eliminate
conformal gravitons using additional gauge freedom

= Modify the action as
S = /[YDZ + BiK;] + Sc

whereK,; = k;,02“.
= This has gauge invariance under
0B; = 0N,  0Z%=0, Yo = kinON; + 2\ikij0 502"
= The anomalies are now

CD-N-28+Cc—2(d-n), r=D-NY» &)
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New twistor strings (cont’d.)

= There are many anomaly-free solutions, one of them seem:
like N/ = 8 supergravity

= This corresponds to gauging wifh w(Z)e ; ,UA0U5,
wherew(Z) has degree of homogeneiy?.

= The vertex operatdr; = [ f*Y, is now changed; there is
the restrictior, f* = 0 giving, eventually

Vf:/da fAYA:/dO leAB@aiLA] Y4

= h Is of degree of homogenei

ho=hy + h§E" + - + o€ £7E7¢

—> N = 4 graviton multiplet with +helicity graviton.
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New twistor strings (cont’d.)

= Similarly, the vertex operatdr, = [ g,0Z has further
gauge symmetries

962" =0, go = ga+0uX; Ga — ga+6ABUB n

= The solution is of the form

B U- A p m-oU7 -
Vg—/da (H-Aﬁ-H) [ﬁA(‘?W — B W | B

Z = (W, U, &) B is an arbitrary spinor.
= / has the expansiol = h_g&1£2¢3¢4 + - .-, giving N = 4
graviton multiplet with the negative helicity graviton.

= There are some more vertex operators which can be used t
complete the build-up ol = 8 gravity multiplet.
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Graviton amplitudes, again

= The vertex operators have no spacetime scaling dimension
V¢ = [V,] = 0. This suggests we may not get Einstein
supergravity.

= AHM calculated

(12)
(31)(23

VD)V )V(3))g = ( >) 59 (1 + pa + pa)

This agrees with Einstein supergravity.

= For the(+ — —) amplitude, | find

ViVe(2)V5(3)) =0 = (Vi()V4(2)V5(3)) =y = 0

= This suggest that it is some sort of chiral (antiselfdual)
N = 8 supergravity, like the one found I8iegel
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Further citations

Besides citations given, important work has been done by

s Bern, Kosower, Dixon, Bena, Del Luca,...
(UCLA-SLAC-Saclay)

= Brandhuber, Spence, Travaglini, Bedf¢@ueen Mary)
= Khoze, Glover, Georgiou, .(Durham)

= W. Siegel, ...

= Risager, Mansfield, ...

= many others
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