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Pure spinor quantisation of the superstring

Problems with superstring quantisation:
o RNS: Spacetime susy only after summation over spin structures
e GS: Need to go to light cone gauge

Flat-space action:

S= / 0z (~ 30X 0 — pud” — Padl® + W I + 0%
e Bosonic ghost X\ subject to pure spinor constraint:
AY"A=0

Critical in ten dimensions.

» BRST operator Q = [ A*d,: cohomology reproduces superstring
spectrum

e Tree amplitudes agree with RNS
¢ Relate to GS formalism in semi-lightcone gauge
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Pure spinor loop amplitudes

Multiloop amplitudes constructed in pure spinor formulation, and used
to prove vanishing theorems . Massless multiloop
amplitude: Need at least four external states. One-loop amplitude:

2
A=KK / (Irc111:)5 / d?z / d?z / o?z, [ [ G(zi, )"

i<j
Kinematic factors expressed as “pure spinor superspace integrals”:
K1—Ioop = <()‘A)()"7m W)()"Vn W)}—mn>
Kotoop = {((MY"PIN)NYEW) FnFpgFrs )

Covariant zero mode integration: (A3¢°) = 1. Superfields:
Aa ~ (’Yae)aCa + (U’Yae)(%ﬂ)a + e

and A, 2 Ap 2 We 22 £, where Dy = 0, + Lka(720)a.
Bosonic amplitudes agree with RNS
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The problems addressed in this talk

Evaluation of pure spinor superspace integrals in kinematic factors:

K2-Ioop = <(/\,Ymnpq[r/\)()\vs] W(a))an(a)quw)ffS(e»

Loop AMPLITUDES DiscussIioN
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The problems addressed in this talk

Evaluation of pure spinor superspace integrals in kinematic factors:

Karoop = (M ™PHN) Xy W(6)) Finn(6) F g (6) F15(6))

| Expand superfields, saturate 6°

DiscussIioN
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The problems addressed in this talk

Evaluation of pure spinor superspace integrals in kinematic factors:
Kaoop = (AT N) Ay T W(9)) Fimn(6) Foq(0) Frs(6))
| Expand superfields, saturate 6°
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The problems addressed in this talk

Evaluation of pure spinor superspace integrals in kinematic factors:
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o+ KEKE KK (AP N) (A ) (69n7°0) (075 U2) (67qUs) (B sUa) )+ - -

| Evaluate correlator
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The problems addressed in this talk

Evaluation of pure spinor superspace integrals in kinematic factors:
Kaoop = (AT N) Ay T W(9)) Fimn(6) Foq(0) Frs(6))
| Expand superfields, saturate 6°
KRR K (AP0 N) (A 1y ) (0707°0) (012 ) (6 g Us) (s tia) )+ -
| Evaluate correlator

() = (™ up)(Usy¥us) + (U™ o) (Usy ™ iy Us) + - -

F@MP Uy up) (Usy R i Us) - -
| Reduce to kinematic basis (Use on-shell identities)

K = si2[(u1Kguz)(uskqus) — (U1 Kous)(UakqUs) + (U1 Kous) (U2 Us)]
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Superfield recursion relations

Aa(xa 9) =0+ %(Q'Ya)aCa + %(Q'Ya)a(‘g')/au) +? Amn, W, Fipp = ?
Choose a gauge 0*A,, = 0. On-shell identities
2D(O¢AB) = rY(TﬁAma Da Wﬁ = 1Z(’Ymn)(x[{?’mn

lead to recursion relations

AD = T (70) AT
AP = 10y, WD)
Wa(n) _ —ﬁ(w’””ﬁ)aamAE{"”

where f(" = Lgon...g(D,, ---D,,f)|. Can solve: obtain e.g.
AE,Q’) from ¢, u via derivative operator 09 = J(0vm%0)0,:

2k k
AR = (2}()![Ok]quq7 AT = m[@klmq(quu)_
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Pure spinor integrals: Tensorial formulae
Recall: Lorentz invariant integration

FoBv,81...05 — <)\0¢)\5)\7951 ) 955> — 7 (apBv),[61...06]

with normalisation ((Ay™8)(Ay"0)(AyP0)(0mnpt)) = 1.
Uniquely determined by symmetry

AN Sym® ST = [00003] & [10001]
o g%l . At ST =[00030] @ [11010].

Can therefore derive tensorial expressions such as

<()\'Ymnpqr9)(/\’Yae)(/\’}/be)(e’)/cdeo)> 4i (5;732[;? + 51| amnPQradee)

Generally, by Fierzing, reduce to three basic correlators:

(BN (AT or 7B or 4130 (01F10) (61 F10) ) .
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Tensorial formulae: example application
Example from two-loop four-fermion amplitudes:
F = (PN (A un ) (0707°0) (916 U2) (07 Us) (075 s)) -
After Fierz transformations:
Foo (55 (0™ (00%0)(0220)(670)) (470t
+ 3775 (™) (Ay°%0) (0727°0)(0+796)) (117N veaebU)
+ za75 (AY™PIN) (M %96)(61,7°0) (6+76) ) (Uw‘slvcdefg%uQ))
X s (Us gV vsUa)

Use correlator formulae such as

(™) (X7 098) (89/9%9) (677)) = 1 (S7TET + 4™ P gy

mnpqr

mnp sf sd 5G4 sesT | 05657 mn scd sPG(sesT o sest
x[éabc 0760, (—0R61+2070h)+0 01 O (5567 —36; 5h)} (abodellgHI[K](fghes )

= Fairly complicated
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Reduction to traces and bilinears
Covariant expression for correlator, using gamma matrices:

<>\a/\[‘3)\’}/051 N .955> — N1 [(,Ym)m% (’Yn)ﬁéz(’yp)’y&a(’ym”p)&&s](aﬁy)[61...65]

Normalisation constant N fixed by

Nx () My 0)(M20)(07270) )
= [(Y™M* (v ()% (Yrnp) ] (aB)[51...55]
X (V) sy (Vy) 882 (V2)y35 (V7% ) 5485
= —55 T(ny™) Tr(n ™) Tr(v29P) Tr (VY% Ypom) + - -

— 565 T2V Y"1y yP) (60 terms)
— 5160960.

Use computer algebra to
e carry out spinor index symmetrisations
o simplify v products and traces (e.g. Mathematica with GAMMA)
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Reduction to traces and bilinears (2)

Allows for easier evaluation of fermionic correlators:

N{(™PI0N) Ay Tty ) (60107°0) (07 U2) (Bq s ) (675 Ua))
= 26 Ty ™M) (Usvgy ™ ysta) (U Y ¥z v6 ) + -
— a5 (U7 Y qUs) (U 151y Y iy P Al us) . (24 terms)
Simpler because:
¢ no Fierzing necessary

o fewer open indices = fewer ¢ terms
e easier to put on computer
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Component approach
Can also use gamma matrix expression

<)\a)\ﬁ)\7(95‘ ...065> =N [(’Ym)a§1 (7”)652(Vp)wa(anp)&és](am)[51__,55]

to compute correlators of particular spinor components.
Example: Check coefficients in

tig " = (AP 0) (A Ty 0) (A YT 0) (09 MY pgry ™™ 0) )

_ 2 mngmMing...MaNg 1 _MNmMyny...MaNy
=~ (1™t 2¢ )

Choose particular index values. Expand integrand and evaluate
correlators on all monomials (here, about 10°) :

(AP "20) (M I7210) (M 740) (0717097 *%0) )
— <-12)\1 A1)\10199910911912 NS 12)\16)\16/\1695969798916> _ % )

Probably unsuitable for more complex applications.
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Purely bosonic expressions

Easy to algorithmically deal with bosonic on-shell identitites:
e momentum conservation 3, k; = 0 and masslessness k? = 0:

e eliminate one momentum (e.g. ks) and set all k? to zero
¢ eliminate one quadratic invariant (e.g. Sa3 — —S12 — S13)

e equation of motion for polarisation vector k; - {; = 0:
e setall k; - {j to zero
e replace one extra k- ¢, e.9. ks - ¢4 — (—ki — ko) - Ca
For gauge invariant expressions: start with F2> = 2k,[a<,b], e.g.
e gauge invariant k*(1(2(3(4 scalars:

Tr( F1 F2 F3 F4) TI'(F1 F2) Tr(F3 F4)
Tr( F1 F2 F4 F3) TI’(F-] F3) Tr(F2 F4)
Tr( F1 F3 Fg F4) TI'(F1 F4) TI’(FQ F3)

e gauge invariant k8¢;(2(3(4 scalars: additionally terms like

k3 . F1 . F2 . k3 TF(F3F4), k4 . F1 . F3 . k2 TF(F2F4)
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Fermions: Fierz identities
Spinors — more complicated.
Example question: which scalars from uyususuy ?

e start from

T1(1234) = (U1’}/aU2)(U3’}/aU4),
T5(1234) = (u17®°u2)(Usvabela) -

o Fierz transformations = T3(1234) = —12T;(1234) — 24T,(1324)
* (Va)@p(¥¥)y)s = 0= T1(1234) + T;(1324) + T1(1423) = 0
e leaves two scalars T1(1234) and T;(1324)
e agrees with rep theory, (S*)®* =2.1+ ...
Easy to computerise in matrix representation for v2:
Reduce to independent monomials u* uy u ug, e.g.

T1(1234) = 2ufududug + 2uiu®ulud + .
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Fermions: Dirac equation

In one- and two-loop amplitudes: need (k2 or k*) x ujUsUzUs.
e Spinors subject to k;u; =0

« Useful observation: only need one k into (uiy!"u)) bilinears.
Thus consider (k? or k*) x (u; UaUs U, Scalar or 2-tensor)

e Computer treatment: solve Dirac equation with SO(8) spinors

us . us +us
u= <u°> with ™8 <u°) = <—u°> .
Obtain coupled equations

(ko + k)u® — (0 - K)u® =0, (ko — ko)u® — (07 - K)u* =0

with solution u® = (o - k)u®/v/2k,.
o Everything reduced to independent monomials in (u¢)*-8
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Using particular momenta
This algorithm reduces all scalars containing k; and u; to

> fapys (ki) (U5)* (U8)° (u§) (u§)°

Problem: manifest Lorentz invariance broken by 2 matrix rep.
= difficult to deal with the f,5,5(k;) (e.g. terms proportional to k? = 0)
One solution: substitute sets of particular vectors for k;, e.g.

ki =(5,3,0,...,0,4) k! = (=5,0,3,...,4,0)
kéu:(5’_3707"’7_4a0) kf:(_5707_37a07_4)

Results: Algorithms to find independent scalars, decomposition
algorithms, e.g. for k2u; ... u, scalars,

(U1K3u2)(uskyus) s12 T1(1234)
(U1 KoUs) (UK us) s13 T1(1234)
(U1 Kpus)(Uzkyus) s13 T1(1324)
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The problems addressed in this talk

Evaluation of pure spinor superspace integrals in kinematic factors:
Kaoop = (AT N) Ay T W(9)) Fimn(6) Foq(0) Frs(6))
| Expand superfields, saturate 6°
KRR K (AP0 N) (A 1y ) (0707°0) (012 ) (6 g Us) (s tia) )+ -
| Evaluate correlator

() = (™ up)(Usy¥us) + (U™ o) (Usy ™ iy Us) + - -

F@MP Uy up) (Usy R i Us) - -
| Reduce to kinematic basis (Use on-shell identities)

K = si2[(u1Kguz)(uskqus) — (U1 Kous)(UakqUs) + (U1 Kous) (U2 Us)]
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One-loop massless four-point amplitude

Derived in pure spinor formalism
A= KR/ & / d?z / d?z3 / o?z [ [ G(zi, z)""
(ImT)5 py
Kinematic factor:
K = (M)A W2) (A" Ws)Famn) + (cycl(234))
Saturate 6°:
Xascp = <(/\A2A))(Mm W) (A" Wéc))fi,Dn)m>

withA+B+ C+ D =5.
Parities of A, B, C, D « bosonic or fermionic external states
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Four bosons
(Review of )

Can evaluate correlator for one labelling, and then symmetrise:
Koy = (MDY Wo) (3" Wa) Famn)| 5 + (cycl (234))
= Xz110 + Xiz10 + Xi130 + Xi112 + (CyCl (234))

Result must be a linear combination of single trace Tr(F1 F2F3Fa))
and double trace Tr(F4 F2) Tr(F3F4y). Pure spinor integrals:

Xa110 = a3 FmnFagFsFal (M 19P90) (0 1y0) (Myaf) (677™6))
Xi112 = %k“ F2 FiF; <)w[’"| PAY)(\y!A~$0)(Ay"0)(0~2"6) )Y,
Xis1o = %ks F2 FiF 2 (( (Myllymag) (A4~ 50)(Ay"6)( (672°96)) .
Reduce to traces:

Xs110 = N7 [6%Tr(vavz)Tr(vxyzva”m)TF(WXquv[")Tr(vyvsrv‘”])+

-+ 60 Tr('Y ’YrS'Yzyx’)/qp’Y‘ ]’Y Ya? ,ymna,yz)} (60 terms)
§mp5nq

1 5 népq_ 1 (smn(;pq 26 6mn5qs

(z5 500 0’ — 500" 0"+ 57595 O ) pmnlpalisitl pae+ro
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Four bosons (2)

Contract with field strengths, momenta and polarisations, and
symmetrise:

X3110 + (Cy0|(234)) 172 Tr (F(1 F2F3F4)) ~ Tr(F(1 Fg)Tr(F3F4))

X1112 + (cycl(234)) = i Tr (F(1 Fg F3F4)) 1792 TI'( & FQ) TI’(F3 F4))
X1310 + (Cy0|(234)) = % ( 4Tr (F(1 F2F3F4)) Tr(F(1 F2)Tr(F3F4)))
Total:

Koo = & (4Tr(F FoFsFay) — Ti(F F2) Tr(FsFay)) = gteF?

Agrees with Green-Schwarz and RNS results
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Four fermions

Could similarly evaluate:

Kiioop = (MDY Wa) (Xy" Wa) Famn)| . + (cycl (234))

Note the symmetry:
e cycl(234) implies complete antisymmetry in uo, Uz, Uy
e on k?uyjUa sy Scalars, [234] is equivalent to [1234]
e there is only one antisymmetric k?u; Up Uz U4 Scalar
Thus the result is fixed by symmetry:

Kiloop ~ (UtKaa)(UsKys) — (U1 Kous) (UK Us) + (th Kos ) (Uzky Us)

Again, agrees with previously known expressions
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Two bosons, two fermions

Symmetrisations more tricky now:

Kl (frfabsba) = (1-mag) (VAP ) MW, ) ("W i)
+ <()\A1even )()\’ymWSOdd )( nWodd )]_—odd)>

2,mn

First line has wrong [34] symmetry and must give zero. Fermionic
expansion:

K = (1 — ma4) (Xao10 + X210 + Xa030 + Xo012) + X3111
Typical correlator:
Xaot0 = —g—ok;kﬁcg’kﬁvc“ﬁ <(>\739)(9’Yapq9)(97p’-’1)(/\’Y[mu2)(>\’)’n]7bce)>
Reduce to u; u, bilinears:
X4010 = 360 5gn[n (U1 PYC] U2) + 90 5q[m(u1 "}/n] UZ) + 720 6bc (U1 rquZ)

b b
25205[”7“’17”]13c Uz)— 7205[ (™ up)— 12605[[m(u17n]]quz)+%(“1’chmnqu2)
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Two bosons, two fermions (2)
Contract with k and ¢, and expand in kinematic basis C; ... Cs:

(1 — 734) Xa010 = 4 ( 1,12, —12,1,2) .Cs

(1 —maa) X210 = ggag(31,-30,30,—1,-2)¢, e
( ) 10(0, -21,21,0, O)C1 Cs

( ) 1(3039 ~39,0,0)0,..c.

60480
X2/111 = %( 1?0)C1C5
Terms with the wrong [34] symmetry cancel:
(1 — m34) (Xa010 + X210 + X2030 + X2012) = 0

Remaining part agrees with GS and RNS:

K12E>20'|:o Xo111 = —ﬁ(313(U2¢3(k2+k3)¢4u1)+323(U2¢4(k1+K3)¢3U1))
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Two-loop massless four-point amplitude

exp Z/,k K G(z,,z,))
2 2 2 . 7.
/d Q4102Q120%Q0 | | /d z Gotim Q) K(ki, z)

Fermionic zero mode integrals:

K D 128534 (AY™PIN)(AYEWA) Fo,mnFa pgFars) + (perm(1234))

= A1pAzsKio + D130 K1z + A14Q03Ki14

Kinematic factors Kj:
Kiz = (Wi Fo FisFay) + 4(WiaFanFn Fp)
Biholomorphic one-form A,

Aj = A(z;,Z) = wi(zi)wa(Z) — wa(z))w1(Z)
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Four bosons
(Review of )

All three kinematic factors equivalent; consider

K = 4 (WnFoFFa)leg +4 (WeFaFiF2)l g

= (1 =m2)(1 — maa)(1 + miamaa) (Wi FoFaFa)| g

Fermionic expansion:

(Wi FaFsFa)| 45 = Ys000 + Yiaoo + Y1040 + Yioos + - - - + Yioze

= (14 723)(1 — m24) (3 Y5000 + Y1400 + Yaz00 + Yi022)
Introduce symmetrisation operator:

Ki® = Sus (3 Ys000 + Yisoo + Yaz00 + Yioz2)

Sig = (1 —m2)(1 —m3a)(1 + m13m24)(1 + m23)(1 — 724) .
Non-zero correlators:
Yao00 = *H@k‘; F;dk%FeszgqFfs <()\anpqr)\)(AVSVabe)(9Vde‘9)(9’Ynef‘9)>7

Vi = s FanFhks Foskt Fa (0™ 0 (07%0)(074°0)(61°16) )



LoopP AMPLITUDES

000e0000

Four bosons (2)

Symmetriser Sy projects out k - F terms:
San(Yaz00+ Yio22) = — 125 (S13—523) (4 Tr(F1 FoFsFay) — Tr(F1 F2) Tr(FsFay))
Very simple result:
Ki® = —555(S13 — Sea)tgF*
Trivially obtain Ki3 and Ki4. Total:
[ loop = — 225 ((S13—523) A12A3a+(S12—S23) A13Aa+(S12—S13) A1alog) s F*

Agrees with (relatively recent!) RNS result
Note product structure, with one half being the one-loop k|nemat|c
factor
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Four fermions
Very similar calculation:
Ky = (1—m2)(1 — maa)(1+ miamas) (Wi FaFaFs)l e
= 4(1 = mi2) (Wi FaFaFu) e = Sar (3 Yar11 + Yost1)

with symmetrisation Syr = 4(1 — m12)(1 — m23)(1 + 724).
Two correlators have to be computed:
Yo111 = (—2)k;k,2,,k,§’k,4
X (AN (A 200) (01 ) (07 U2) (07 Us) (975 Ua))
= 50‘—40(—19,—21,21,19,—17,—17,0,0,0,0)51,__310,
Yost1 = (—5)KSKGKSK!
x ((AY™PAN) Ay un ) (0707°0) (0162 ) (07 Us ) (7sUs) )
= 15i55(—14,-16,0,2,-8,-8,0,—5,-5,0)5,. 5, -
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Four fermions (2)

Act with symmetriser S4r and obtain the one-loop u* scalar:
Kis = Sar(3Yor11 + Yost1) = 25(-1,0,1,0,-1,0,0,0,0,0)g,.. 5,
= 75512 (1 Kat)(Uskyus) — (tn KoUs)(UzkqUs) + (th Kpla)(UzKq Us))
Total result, including Kiz and Ki4:
Kloop = 25 * (512812834 — 13013024 + S14A1423)
X ((U1 Kauz)(uskqua) — (Ut Kaus)(Uakyus) + (Ut Kous)(Uzky Us))

Again simple product structure, with one-loop factor
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Two bosons, two fermions

Exchange symmetry prevents simple product structure with one-loop
factor:

22%20'; # Z DD x [f(S12, S13)KE E:%';(ﬁ hbbsby)] .
j=123

(Note that any f(sy2, s13) has identical symmetry under 1 < 2 and
3 «— 4, and is symmetric under (1,3) < (2,4)).

Instead, find
KszF = (1-m2)(1 - 7734)k
KZBZF — (2 1 —+ T2 +7T34 +27T127T34)K
Kzst = (1+2m2+ 2734 + 7r127734)k
with

k _ <(>\3 VV1(even) )féodd)féeven)fl(leven)> + <(/\3 WéOdd) )fieven)fiodd)féodd»
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Two bosons, two fermions (2)

Correlators in K: combination of ten k3u; u» F3F4 scalars.
Images of the symmetrisers are spanned by s;», S13 times

(17 uz2) (k3 FaoFo — 2P Focke + 2FasFicks)

Tensor structure thus fixed up to three constants:

KZZE)QO'; = [Cc1512012034 + (C2S12 + C3513) A 1324

+((c3 — C2)S12 + C3513) A1alos]
X (U1y2uz) (K3 Fis Fio — 2F2p Fokd + 2F a3 Fick?)
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Discussion

Summary:

e The pure spinor formalism yields manifestly supersymmetric loop
amplitudes

e Superspace integration not (much) more complicated for
fermions than for bosons

¢ Some amplitudes fixed or highly constrained by exchange
symmetries

Outlook:

o Improve computer algebra: custom-made Mathematica
algorithms vs. specialised program (e.g. Cadabra)

o Methods applicable to future higher-loop amplitudes
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