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Symmetry Algebra

@ N =4, D = 4 Super Yang-Mills has PSU(2,2|4) superalgebra.

@ A Yangian extension exists in the planar limit of the SU(N) gauge
group.

@ Marginal deformations have been used to deformto ' =1, D =4
SYM theories, SU(2,2|1)xU(1)xU(1).

@ Deformations (beta and twists) have been shown to maintain
integrability.

@ Twisted theories have a non-standard coproduct.
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Marginal Deformation

We break the N' = 4 to a N’ = 1 superconformal theory by the addition
of the marginal deformation with the superpotential

. , i
W = ihTr (e’”ﬂd>1<b2<b3 - e—'ﬁﬁq>1q>3¢2) + 5 T (¢? + 93 4 cbg) .
For an exact marginal deformation,

1 s 2 N2 — 4
\h[2<1+N(e’ﬁ—e’5)>+]h’]2 o = 0

We left ¥ = 0 and 3 real in the large N limit. Then h = g.
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The Deformed Lagrangian
The Lagrangian of a deformed N' =4, D = 4 SYM:

L= LT (%FWFW +(DFE) (D) — 1, bjlc, [, ],
+5 [0, &[0, ] + a0 D, — i\, g, &
+i[/_\4, 5\i154i¢/ + %Gijk[)\,', )\j]B,'/(Dk + %E,jk[/_\i, /_\j]Bij&)k)
where [®;, ®j]c, = €Cid;0; — e~ ICid;®; and

[)\A,)\B]BAB = eiBAB/\A)\B — e‘iBAB/\B)\A. Here 1 <i,j <3 and
1<AB<A4.
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sU(23)

@ SU(2|3) sector, a subset of states of the PSU(2, 2|4) theory.
@ The field contentis: ®y = {1, d2, ¢3; V1, 12 }.

> |¢a) = cic}|0)

> |¢a) = alc}|0)
@ The generators of the SU(2|3) superalgebra are

R3, = clc? — Jofclc®,  L°g = ala” — Jogala,
D=clc® +3alar, S.=cla, Q°, =alc

@ Maximal subalgebra

» Large enough for interesting structural features to arise.
» Higher order length fluctuations.
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Yangian Algebra Y(SU(2|3)): JA, QA ...

Defining relations
[JA,JB} — fABCJC,
[JA7 QB} — fABCoC,
[Q[A7 [QB,JC}}} — afAGDfBHEfCKFfGHKJ{DJEJF}

The J# are SU(2|3) generators. The tree-level, first nonlocal Yangian
generator is

Q) = e > JE)IF ).

i<j
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Standard Coproducts

A coproduct is a holomorphic map A : A — A. Introduces the idea of
single site, double site, etc. . . representations for the algebra A.
The coproduct for the ordinary SU(2|3) generators

AA = e1+10JA
and the coproduct to create the two-site Yangian generators
A= Pe1+1QA
—fAcgdB @ JC

will be used to construct tree level representations.

Jay N. lhry (UNC-CH) Yangians In Deformed Super Yang-Mills Theo UNC String Seminar 8/27



Hamiltonian

The two-site Hamiltonian in terms of oscillators is
H(1,2) = (ch(1)ch(2) - el(1 )cL(z)) c(2)c3(1)
+(chmal(2) + ak(1)ck(@)) a*(2)ea(1)
+ (ah(1)el(@) + cl(1)ak(2)) i) (1)
+ (al(na(@) + al(1)ak(2)) a’@)a(1).

The commutation relations of the oscillators are {c?(/), cg(j)} = 030jj
and [a*(i), al,(j)] = 350
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Quadractic Casimir

The quadratic Casimir of the subalgebra SU(2|3) is
9B = 1D? + S1oLP, — FR3pRP, — 3[Q°,, S7,].
A Casimir of any algebra has the property
[9a8J B, JC] =0

When acting on any two-particle state |$,9,) the quadratic Casimir
and the two-site Hamiltonian are equivalent,

H(1 s 2)|¢[¢J> = gABJAJB|¢/¢J>.
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Eigenstates

The two-particle eigenstates of the Hamiltonian form two towers, 13
symmetric (Hy2|®1®P2)+ =0 - |®1P5) ;) and 12 antisymmetric
(Hi2|®1Po) - = 2|d1P5)_)) eigenstates.

jab)e = — (el()ch(2) + cf(1)ch(2) cf(t)ck(2)l),
ag)e = (ch(1)ah(2) ¥ al(1)ck(2)) cf(1)c}(2)/0),
B = (ah(1al() F ah(1)a(2)) cj(1)ef(2)[0).
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Analysis of Yangian Symmetry

A property of the dilatation generator is [D, J4] = (dimJ#)JA. Also,

[D, @4 = (dimJ#)QA. Expanding both the dilatation generator and the
Yangian,

[D, Q" = [Do +gfmDz + -, Q + om Q' + ggm@ + -],
Group in powers of the Yang-Mills coupling to O(g?)
(dimJ*)(QF' + gvm O}’ + ghm@2) + Gou[ D2, Q1 ~ (dimJ*) Q*.

That means [Ds, Q{,‘] must give zero (or approximately). In the large N
(planar limit) Dy is our spin chain Hamiltonian, H.
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Edge Effects

In PSU(2,2|4), an explicit check of the commutator gives the lattice
derivative or ‘edge effects’ of the system, [D», Q41 = g* ~ 0,
g, = JA(1) — JA(L). Introduce the identity,

1
Of‘z =2 [QBCJ(UBJ(Z)C, Q1A2] )

Recall, the quadratic Casimir is equivalent to the Hamiltonian when
acting on states. For the two-site case,

[H(1’2)7 Qf\Z] ’¢/(DJ> = % [H(172)2qf\2 + quH(172)2

= qhlP0,)
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Yangian on Two-Particle States

H(1,2) =0
. | ab i S
R
\ - o Tt-a
R N S ——
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Deformed Hamiltonian

The deformed R matrix, a solution to the Yang-Baxter equation is

A = 4

(ue"B'JI,’jL + iP,’jL) :
The identity and projection operators are ZKH = 6K} and PF = sko¥.
The deformed monodromy matrix is

g BB _ rq;)L—hBL RPL-20i-1 . fbiBe BJs
o

Lag...op br_qop_4 boap 1byay EXP

i=1 j=1

L i1
> (o] + [ﬁi])[aj]]

The deformed transfer matrix is 7 (u) = (—)M7(u). The deformed
Hamiltonian is derived as

H=—i(T(u)"
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Deformed Two-Site Hamiltonian

The two-site transfer matrix is

T(u) = RavzRaw, explin(laz] + [B]) o]

Using the prescribed method, we derive the deformed Hamiltonian to
be

"= (0% - o%ole Boren) + (o200 — 0% 0kye Bz )
= (%) + (HE).

Define the deformed two-site Hamiltonians, H(1,2) = #3122 and
F(2,1) = A% .

Jay N. lhry (UNC-CH) Yangians In Deformed Super Yang-Mills Theo UNC String Seminar 16/27



Deformed Hamiltonian

The oscillator representation of the deformed Hamiltonian

Fhe = (ch(1)c)(2) - e Buci(1)ch(2)) cb(2)c(1)
+ (ch(al(2) + e B al (1)ch(2) ) & (2)c(1)
+ (al(1)cl(2) + e Baacl(1)al (2)) o*(2)2 (1)
+ (ah(1)a(2) + e Boral(1)al(2)) a¥(2)a(1).

By, is a real, antisymmetric matrix.
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Problems

Due to twisting, the Hamiltonian is no longer a Casimir of the SU(2|3)

superalgebra
[Fl(1 ’ 2)7 Jf2:| 7& 07

nor do we generally have the edge effects

|Ai(1.2), 0] # ats

when using the previous (coproduct) construction for J{‘z and sz.
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Reshitikhin Twist

The Reshitikhin twist is generated by a deforming function F. The
R-matrix deforms as

R(u) = FR(u)F~".

The coproduct receives a deformation as well,
AP = FAFT.
The deforming function has the definition

F=exp [;_ IE; By (E" @ E¥ - E¥ o E")
<
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Twisted Coproducts
Twisted coproducts AJAg = Kag ® JAg + JA5 ® Kga.

AR3, = Kap® R, + R, @ Kpa,

ALYy = Ky ® L%+ L% @ Kga,

AQ°, = K ® Q% + Q% @ K,

AS; = K,e®8c+ 8 Key,
AD = 1@D+D®1.

The twisting is brought about by

5
j
Kiy = exp > E (Bik — Buk) Ekk | -
K—1

We define matrices (Ej),; = dixd Which satisfy

[E[J, EKL] = 5KJE/[_ — 5/LEAJ. The E[J are the generators of U(2|3)

Jay N. lhry (UNC-CH) Yangians In Deformed Super Yang-Mills Theo

UNC String Seminar

20/27



Yangians Via Twisted Coproducts

The first Yangian construction via coproducts is
AQy ~ Ky Qu+Q oKy
+3 S (V' kKks © Kii® g — KikJ® g @ J kK ) -
An example two-site Yangian is
AQpra® = Ka® Qrz)®p + Qra)®» @ Kba
+% (R2cKop @ KeaRCh — KacRCp ® R3:Kpe)
+1(Q%,K,p @ KyaS7p + Kay S7p @ Q2 Kp,)
— 508 (Q% Ky © KyeSVo + Koy ST © Q°, Koy
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It Works

Acting on two particle states, the deformed Hamiltonian is equivalent
to the (deformed) Casimir

AJABAIE 40D )) = H(1,2)|0D,).
We check the one-loop calculation of the dilatation generator again,
FI(1,2), Ofbs] = &fhs.
where the edge effect term, g7, 5, has a deformation dependence
dtos = I8 ® Kag — Kga ® J.
We find for an infinite length spin chain when J4(1), J4(L) — 0, then

g*g — 0. Recall, this is what we want!
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Deformations Maintaining NV = 1 SCFT: Case 1

Residual SU(2) xU(1)3 symmetry. This is the beta deformation of
Lunin-Maldacena. Biz = Bo1 = B3o = 7.

Residual Symmetry Remaining Symmetry
ALaﬁ =1 ®La5—|—La5®1, ARab: Kab®Rab+Rab®Kba,
AD:1®D+D®1, AQC’Y:KC’Y®QC’Y+QC’Y®KIYC’

ARCC=1®RCC+RCC®1, AS’YC:K,YC(X)S'YC_FS"YC@KCW.
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Deformations Maintaining ' = 1 SCFT: Case 2

Residual SU(2|1)xU(1)? symmetry.

Biz = Big = By = Bia = —Ba2o = 7
Residual Symmetry Remaining Symmetry
AL =10 L% + L3 ®1, AR%, = Kap @ R4, + R, @ Kpa,
AR, =103, + Q% 1, AQ°%, =Ko Q% + Q% @K,
AS'3 =10 83+ 83®1, AST:=K,c®Sc+ S7c @ Key.
AD=12D+D®1,
AR°; =1® R°:+ R°:®1,
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Conclusion

@ Constructed a Yangian algebra for SU(2|3)
@ The deformed theory corresponds to a deformed R-matrix

@ Introduced twisted coproducts corresponding to the twisted
R-matrix

@ Showed that twisted coproducts could be used to describe broken
symmetry in £

@ The deformed Hamiltonian (one-loop dilatation generator) still has
SU(2|3) Yangian symmetry but with twisted coproduct
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Yangians Via Twisted Coproducts

AQryy = Kab® Qrz)®p + Qaz)% © Kba
+%h (R2cKep @ KeaRCp — KacRp @ R2:Kpc)
+3h (Q3, Kb ® KyaSTp + K2y S7p @ Q3 Ky
—1h0E (Q% Koo ® KyoSTo + Koy STe ® Q% Key),
AQ(La)O‘g = Kpg® Q(Lg)o‘g + Q(Lg)aﬁ ® Ksa
+%h(La7Kvﬁ ® Kyl — Koy L' ® La’YKﬂ’Y)
+3h(8*Kos ® Kea Q% + KacQ% @ S%cKisc)
—1h65 (87 Koy ® Koy Q% + Kye Q% @ S7cKic) |
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Yangians Via Twisted Coproducts

AQaz)®a = Kaa® Quaz)%a + Quaz)®a ® Kaa
+2h(Qa Yo @ Kol o — Koy Lo @ Q24 K,yy)
+§h(RaCKCOf ® KCaQ o KaCQCa ® R c ac) 5

AQsg)*a = Kaa® Qsg)a+ Qsg)”a © Kaa
1h(SacKca ® KCaRCa - KOLCRCa ® SaCKac)
+5h (L% Kya @ KyaSYa — Kay S7a @ L% Kay) |

AQ(D) = 1® Q(D) + Q(D) ®1
+3h(S7cKey ® Koy Q% + KycQ%y @ S7cKoc).
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