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Two-point functions
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Field Content

Two-loop Integrability

for Adjoint fields: X' 1=1...6; P, ’(/JL, a=1...4D,

Superconformal
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Introduction Smg|e trace operators

Planar limit (Large N):
Scalar operators:  O(x) = tr[Xh Xk ... X"];

Two-point functions

(O(x)0(0)) = |x| 722, A= Ao;’Y
Oren = Z(N)Oare = 7= Z71 5227

A\

Ofin = Z*8(N)Ofuse = T2 = (2~ 585 2)8

dlnA




UPPSALA
UNIVERSITET

Two-loop Integrability
for
Superconformal
Chern-Simons

Joseph Minahan

Introduction

Spin chains K. Zarembo, JM (2002)

Scalar sector: Planar one-loop level
.,

r

r:

)‘:g§2{MN

A

8

£=1

'y _ sJ sl
'DIJ _61 6J

Line = — 389 tr([X1, Xu?)

L
3 Z (1= Ppop1+ 3Keet1)

1"J 1"J
KIJ = 6”6
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Spln chains K. Zarembo, JM (2002)

Scalar sector: Planar one-loop level
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[ Line = — 2830 tr([X1, XJ)?)
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= 87;:: 1= Pyt + 3K es1)

A=giyN P =45d) KT =eys"Y

SO(6) Spin chain

Nearest neighbor int.
H =T is integrable
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Spln chains K. Zarembo, JM (2002)

Scalar sector: Planar one-loop level
.,

r

[ Line = — 2830 tr([X1, XJ)?)
y L
F= 87;:: 1= Pyt + 3K es1)

A=giyN P =45d) KT =eys"Y

SO(6) Spin chain

Nearest neighbor int.
H =T is integrable

Extended to all sectors: Beisert & Staudacher (2003)
Extended to higher loops: Beisert, Kristjansen & Staudacher (2003)
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@ Superconformal symmetry is important for integrability
@ N = 4 has 32 superconformal symmetries.
@ Other theories with 327
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@ N = 4 has 32 superconformal symmetries.
@ Other theories with 327
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A new story: Bagger-Lambert-Gustavsson

@ 32 Susy’s in 3 dims.
@ 3d: N =8 = S0O(8) R-symmetry
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Are there any other theories where there is integrability? )

UPPSALA
UNIVERSITET @ Superconformal symmetry is important for integrability

@ N = 4 has 32 superconformal symmetries.

Two-loop Integrability

for @ Other theories with 327
Superconformal -
Chern-Simons

32 Susy’'s in 3 dims.

3d: N =8 = SO(8) R-symmetry

Theory with SO(4) gauge symmetry is only known example
S50(4) ~ SU(2) x SU(2)

Gauge fields: Azb, Aff’;

Bifundamental matter (real): X23/ 422% 1=1...8 a=1...8

Chern-Simons action

k 5
o Px e M r(Au0, A + 2ALALAN) — (AL — A)

N =6

Superconformal
Chern-Simons
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Are there any other theories where there is integrability?

@ Superconformal symmetry is important for integrability
@ N = 4 has 32 superconformal symmetries.
@ Other theories with 327

A new story: Bagger-Lambert-Gustavsson

32 Susy’'s in 3 dims.

3d: N =8 = SO(8) R-symmetry

Theory with SO(4) gauge symmetry is only known example
S50(4) ~ SU(2) x SU(2)

Gauge fields: Azb, Aff’;

Bifundamental matter (real): X23/ 422% 1=1...8 a=1...8

@ Chern-Simons action

k 5
o Px e M r(Au0, A + 2ALALAN) — (AL — A)

@ But...N =2is not large N
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o SU(N) x SU(N) (or U(N) x U(N)): A,, A,

o Bifundamental matter fields: (N, N), (N, N)
o No longer real: SO(8) D SU(4) ~ SO(6) R-symmetry
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o scalars: Y%, Y)\L; fermions: a4, wf A=1...4
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o SU(N) x SU(N) (or U(N) x U(N)): A,, A,

o Bifundamental matter fields: (N, N), (N, N)
o No longer real: SO(8) D SU(4) ~ SO(6) R-symmetry
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o Supersymmetry: 8 =6+ 1+ 1: Qap, 64~ QagYB
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N = 6 Superconformal Chern-Simons ABJM: Ingredients
o SU(N) x SU(N) (or U(N) x U(N)): A,, A,
o Bifundamental matter fields: (N, N), (N, N)

o No longer real: SO(8) D SU(4) ~ SO(6) R-symmetry
08, =4148=4+4
o scalars: Y*, Y)\L; fermions: 1a, Y2 A=1...4

o Supersymmetry: 8 =6+ 1+ 1: Qap, 64~ QagYB

N = 6 Superconformal Chern-Simons : Lagrangian

TC

k 2 a2 s .
el [:-;W* (AHayAA +3 A ALAY — AL Ay — 3 AMAVAA>
+DLYIDHYA 4 i Pya

L UAvivByivCyt o+ 1 VAviyBytyCyt
+ 55 YAYAYEYEY Y+ S AV YEvivey)

12

1 vaviyvByiyC 1 vaviyCyiye
—5 YAV 105% Y;+§Y oA

1 = - 1 - _
- YIvA9Eyg + Y] YEGApg + SviYe Yiva— 97 YEY]yg

1 = 1 -
== ABPY TP Yiyp — 5 ABCD YApB Yy CCy?
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e @ Lagrangian is conformal (classically)
E e @ Overall coefficients of interaction terms are fixed by SUSY
@ k is an integer = cannot be renormalized
Two-I I bili .
S B = stays conformal after quantum corrections
Superconformal . . . .
Chern-Simons @ Theory has CP invariance. Under parity CS term changes sign.
gezspbibinanan If we include A, < A, then CS terms stay invariant.
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e @ Lagrangian is conformal (classically)
E e @ Overall coefficients of interaction terms are fixed by SUSY
@ k is an integer = cannot be renormalized
Two-I I bili .
S B = stays conformal after quantum corrections
Superconformal . . . .
Chern-Simons @ Theory has CP invariance. Under parity CS term changes sign.
gezspbibinanan If we include A, < A, then CS terms stay invariant.

@ Gauge inv. ops are traces alternating between t and unted terms.
N =6

Superconformal B1B,...BL. Al v vA2 T AT
Chern-Simons XA1A2 AL tr[ Y YBl Y YBZ oo Y YBL]




@ Lagrangian is conformal (classically)
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@ Overall coefficients of interaction terms are fixed by SUSY

@ k is an integer = cannot be renormalized
Two-I Int bilit; .
e = stays conformal after quantum corrections

Superconformal

Chern-Simons @ Theory has CP invariance. Under parity CS term changes sign.
Joseph Minahan If we include A, <+ A, then CS terms stay invariant.

@ Gauge inv. ops are traces alternating between t and unted terms.
N =6
uperconforma B1B>...B A A A
ithn»Sinfwns I XAiAi.“Ai tr[y ! Ygl Yo Ygz LY Y;L]
@ Chiral primary operators: tr[( Y'Y, )!]
A—-—J=0
J is one of the three SU(4) charges

4: (£3,+1,F2)  odd # of —
4. (£3,+1,+1) even # of —

Y?! and Y4Jr each have J = % In 3d, bare dimension is also %




UPPSALA
UNIVERSITET

Two-loop Integrability
for
Superconformal
Chern-Simons

Joseph Minahan

Superconformal

Chern-Simons




UPPSALA
UNIVERSITET

Two-loop Integrability
for
Superconformal
Chern-Simons

Joseph Minahan

N =6
Superconformal

Chern-Simons

A few more points

. . . 2
@ The effective coupling is /¢

't Hooft: \ = %
Planar limit requires large k = k effectively continuous




UPPSALA
UNIVERSITET

Two-loop Integrability
for
Superconformal
Chern-Simons

Joseph Minahan

N =6
Superconformal
Chern-Simons

A few more points

27

@ The effective coupling is /%

't Hooft: \ = %
Planar limit requires large k = k effectively continuous

@ Perturbative expansions are even in A because of CP kK — —k.
First anomalous dimension appears at two loops
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A few more points

. . . 2
@ The effective coupling is /¢

't Hooft: \ = %
Planar limit requires large k = k effectively continuous
@ Perturbative expansions are even in A because of CP kK — —k.
First anomalous dimension appears at two loops
@ For large k the string dual is type IIA on AdS; x CPs,
R2 = R3/k, R ~ (Nk)Y/® F4 ~ R3¢, Fy ~ kJ
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A few more points

. . . 2
@ The effective coupling is /¢

't Hooft: A = %
Planar limit requires large k = k effectively continuous

@ Perturbative expansions are even in A because of CP kK — —k.
First anomalous dimension appears at two loops

@ For large k the string dual is type IIA on AdS; x CPs,
R2 = R3/k, R ~ (Nk)Y/® F4 ~ R3¢, Fy ~ kJ

str
@ String dual is classically integrable (Arutyunov and Frolov; Stefanski)
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A few more points

. . . 2
@ The effective coupling is /¢

't Hooft: A = %

Planar limit requires large k = k effectively continuous
Perturbative expansions are even in A because of CP k — —k.
First anomalous dimension appears at two loops

@ For large k the string dual is type IIA on AdS; x CPs,
R2 = R3/k, R ~ (Nk)Y/® F4 ~ R3¢, Fy ~ kJ

str
@ String dual is classically integrable (Arutyunov and Frolov; Stefanski)
e ABJ: Modify to SU(N) x SU(N), still has N = 6

String dual: background B ~ w J




Two loop anomalous dimensions

Scalar sector
UPPSALA

UNIVERSITET . . . . . -
Spin chain with sites alternating between 4 and 4

Two-loop Integrability B1 Bz cee BL Al 'i' A2 T AL T
or XAIAZ...ALtr[Y Y Y72V, ... Y YBL]
Superconformal
Chern-Simons

Joseph Minahan

Scalar sector
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Scalar sector

Two loop anomalous dimensions

Scalar sector

Spin chain with sites alternating between 4 and 4

Xal B[y vyl vyl vy

Operator mixing via two loop planar graphs
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Scalar sector

Scalar vertex

scalar prop.:

/ﬁ d3x<
1/A

1
47| x|

)3:

1
47|x|

1672

InA
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A\

Sewing Rules

—LYAYivBylyey] )/A\\ —LyAviyBylvey} A

Scalar sector

—ivAylyBylyeyt >K +ivAvivyEylyey} )K

A\
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Sewing Rules

—LYAYivBylyey] )/A\\ —LyAviyBylvey} A
Scalar sector
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Insertions
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Anomalous dimension matrix

&L
UPPSALA
UNIVERSITET _ -1 BZ i _ J
r =2 ORen - Z/J(/\)OBare
dlnA
2L
Two—loopfl(;lrtegrahilily B N2(27-(-/k)2 Z H(6V)
Superconformal — 16,n.2 0,041,442
Chern-Simons —
Joseph Minahan
~— e ~— e
Y= - T _T +2T l T _4>K +2/ +2\
A A~ A~ N
2 2L
6 A
e = > > (—Keerr + 1= 2Pesio + PreaKeers + Ker1Peeso)
Scalar sector =1




Anomalous dimension matrix

UPPSALA BZ
UNIVERSITET r = z1 (9,{;’5,, = ZIJ(/\)OJBare
dlnA
. 2 2 2L
Two—loopfll;lrtegrahlllty - N (27T/k) Z H(6V)
Superconformal — 2 £,0+1,0+2
CI‘:em—Simons 167r =]
Joseph Minahan
A e A e
Y= - T _T +2HT _4>K +2/ +2\
A A A A
2 2L
6 A
re = 2 Z (=Keer1+1—=2Pp oo+ PeoroKoos1 + Keer1Prit2)
Scalar sector =1

Other contributions

+H

contributes

y 1




Self Energies
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Scalar sector

Self Energies

Self energy contributions only
contribute to constant term

v

Constant determined from chiral primary

I" acting on chiral primary is zero.

P 420 = Ogp Kee4+10 =0

A2 2L
=== > (2= 2Ppsi2 + ProraKeoss + Keos1Prey2)
=1
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Scalar sector

Self Energies

Self energy contributions only
contribute to constant term

v

Constant determined from chiral primary

I" acting on chiral primary is zero.

PZ,€+2Ocp = Ocp
2L
/\2

=== > (2= 2Ppsi2 + ProraKeoss + Keos1Prey2)

(=1

Kee4+10 =0

Is I integrable? J
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Integrability

Yang-Baxter Equation

Integrability checked by Yang-Baxter eq.

Rab(u) s VoV —= V0V,
Ra,-)(u) D Vo® VE — V,® VE

a b c a b ¢
u—v
u u u—v
¢ Vb a @ b a
Rap(u — V)Rac(U)Rbc(v) = Rbe(v)Rac(u)Rap(u — v)

Rap(u — v)Rac(u)Rpe(v)

Il
=Y
=
—

<
~
&0
)
—

<
~
=)
ol
—

<

|

<
~




Yang-Baxter Equation

e Integrability checked by Yang-Baxter eq.

Rab(u) s VoV —= V0V,

Two-loop Integrability

Supercf:r:furmal Ral_)(u) : Va ® VB = Va ® VB
Chern-Simons
Joseph Minahan a b C a b ¢
u—v
u u u—v
cVb a c b a
Integrability
Rap(u — V)Rac(U)Rbc(v) = Rbe(v)Rac(u)Rap(u — v)
Rap(u = V)Rac(U)Rpe(v) = Rpe(v)Rac(u)Ryp(u — v)

Solution: SU(4)

Rap = u— Py RéB:u_PEB




Monodromy matrix

To(u) = Raq(U)Raz (u) ... Raq (u)Raz (u)
Ric, (U)Rsz, (1) - - - Ra, (u) Rz, (u)

UPPSALA
UNIVERSITET

ol
—
<
I

Two-loop Integrability

for
Superconformal
Chern-Simons

ab ab
Joseph Minahan =
I I I | | I I
ba ba

Rap(u—v)To(u)Tp(v) = Tp(v)Ta(u)Rap(u — v)
Rp(u—v)Ta(u)Ta(v) = Tp(v) Ta(u)Rop(u —v)

Integrability
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Integrability

Monodromy matrix

To(u) = Raq(U)Raz (u) ... Raq (u)Raz (u)
T5(u) = Raq(u)Raz(u) ... Rac (u)Rsz (u)
ab ab
ba ba
Rap(u—v)To(u)Tp(v) = Tp(v)Ta(u)Rap(u — v)
Rp(u—v)Ta(u)Ta(v) = Tp(v) Ta(u)Rop(u —v)

Transfer matrices

7(u) = tra To(u T(u) = trz T5(v)
= [r(u), 7(V)] = [7(v), 7(v)] = [7(u), 7(v)] = 0

7(u) and 7(u) are polynomials of conserved charges




Conserved charges

UNIVERSITET Shlft Operator:

Two-loop Integrability

for =
Superc:nfurmal I 7_(0)7_(0) = H P[7g+2
Chern-Simons

no=0 Trace condition

Integrability

Hamiltonian:

r= R O)70) ™ S (r()7(w))




Alternating SU(4) spin chain, ground state: tr[(Y*! YI)L]

UPPSALA 2 2L
UNIVERSITET
r= 5 E (2= 2Py 12 + ProroKeor1 + Koor1Poet2)
/=1

Two-loop Integrability
for
Superconformal
Chern-Simons

Joseph Minahan

Bethe equations




Alternating SU(4) spin chain, ground state: tr[(Y*! Yj)’-]

UPPSALA 2 2L
UNIVERSITET
r= 5 E (2= 2Py 42 + ProyoKor1 + Kogr1Poet2)
/=1

Two-loop Integrability

for
Superconformal
Chern-Simons

SU(2) x SU(2) sector

o Y v YVl

Joseph Minahan

@ Ky 41 is always zero, only Py g0 contributes

@ Reduces to 2 ind. spin chains (Heisenberg ferromagnets)

Bethe egs:
: L My .
ui+i/2 uj — u, i
Bethe equations ( J + / ) = H ﬂ
—i/2 Ktk YT Uk =
("j+i/2)L _ ﬁ Vi — Vg + i
iji/z k=1,k=j vj — vk —

M2 evi+if2 Ao
;=51 =% = Z a2
i1 Y //2],:1\/] i/2 +1/4 = +1/4




General SU(4) sector

UNIVERSITET Bethe eqs determined by Dynkin diag. o—O0—=0

General chain for

Two—loopfll;lrtegrahility rank n group Wlth
Si f |
G reps labeled by 8
Joseph Minahan hlgheSt wits. W[ WZL_] WZL W; W; W; W4
Bethe roots u( ™) assoc. w/ simple root &,
/
2L (") iy Emf2 w4 i - E /2
m) .o = __HH @z =
=1 U — W Om/2 =1 k=1 uJ — U — il Ay [2

5U(4): up = u}l) = u}Z), Vi = LIJ@), O_Zl ° WQ[_l =1, 6?3 o VT;M =1.

Bethe equations

g2\t M g u i My —if2

(m) - k:g¢j“f_”k_’kl_[1 -—rk+l/2
1 = P i T = — /2 T = v —i/2
k:l,k#jrjfrkfikzlrjiuk+i/2k:1rjivk+i/2

Vi +i/2 . i Vj*Vk+iM'Vj*”<*’./2

(‘G*’/2> B etk Vi T V= vi— /2



The OSp(6]4) sector

TTEAL S0(6) R-symmetry Sp(4,R) ~ SO(2,3) 3d conf. sym.
UNIVERSITET 24 ferm. gens. Q., SL, 1=1...6, a=1,2

Two-loop Integrability
for
Superconformal
Chern-Simons

Joseph Minahan

Extending to full
supergroup




The OSp(6]4) sector

TTEAL S0(6) R-symmetry Sp(4,R) ~ SO(2,3) 3d conf. sym.
UNIVERSITET 24 ferm. gens. Q., S., 1=1...6,a=1,2

Two-loop Integrability
for
Superconformal
Chern-Simons

Joseph Minahan

Extending to full
supergroup

Charges: (=D —S,—-D+ S; )1, b, )s)




The OSp(6]4) sector

TTEAL S0(6) R-symmetry Sp(4,R) ~ SO(2,3) 3d conf. sym.
UNIVERSITET 24 ferm. gens. Q., S., 1=1...6,a=1,2

Two-loop Integrability
for
Superconformal
Chern-Simons

Joseph Minahan

Extending to full
supergroup

Charges: (=D —S,—-D+ S; )1, b, )s)




The OSp(6]4) sector

TTEAL S0(6) R-symmetry Sp(4,R) ~ SO(2,3) 3d conf. sym.
UNIVERSITET 24 ferm. gens. Q., S., 1=1...6,a=1,2

Two-loop Integrability
for
Superconformal
Chern-Simons

Joseph Minahan Yl ~ (—%7 —%' —|—% _|—%

Charges: (=D —S,—-D+ S; )1, b, )s)

Dt~ Ch bbb,
tr[(v1¥{)1 = (~L,~L L, L,0)

Extending to full
supergroup




UPPSALA
UNIVERSITET

Two-loop Integrability
for
Superconformal
Chern-Simons

Joseph Minahan

Extending to full
supergroup

The OSp(6]4) sector

S0(6) R-symmetry

24 ferm. gens. QL, SL, 1 =1.

Sp(4,R) ~ SO(2,3) 3d conf. sym.
..6,a=1,2

Charges: (=D —S,—-D+ S; )1, b, )s)

1

“hihheh

e e . Ml
tr[(Y1Y))'] = (-L,—L; L, L,0)
61 =(0,0;0,1,-1), @ = m01 1) =(0,0;0,1,1)
=(0,1;-1,0,0), @ = (1, —1; o 0,0)
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The OSp(6]4) sector

SO(6) R-symmetry Sp(4,R) ~ SO(2,3) 3d conf. sym.
24 ferm. gens. Q., SL, 1=1...6, a=1,2

(_%7 _%; +%7+%7 _%)' \/4]L ~ (_%7 _%; +%7+%7+%)v
tr[(YaY))] = (=L, —L; L, L,0)

a1 = (070; O, 17 _1)' O = (OaO; 17 _170)' s = (0’0; O’ 17 1)
d@ = (0,1;-1,0,0), @ = (1,—1;0,0,0)

-a4 =0, ds -ds = —2,
cdy = —1, dg-ds =+1
1
ﬁ rjfrk+il’”_1rjfuk7i/2l’”_1rjkafi/zﬁrjfskfi/z
kzlk#jrjfrkfik:lrjfuk+i/2k:1rjka+i/2k:1rjfsk+i/2
lhi’ISJ—rk—i/21AA—Vi5j—wk+i/2 = Mw V\/J-—Wk—ilhis[mq—sk+i2
si—rc+i/2 sj-—wk—i/2’ — Wi+ i wj — sk — /2
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Two-loop Integrability

for

— 4 Lo YT—>¢

Where are D, modes?

@ In NV = 4, there are magnons for D,,.

Joseph Minahan

1

il 1
e e N =6 CS, D, modes are: = D_, Dy, Dy

These are two unbound magnons

@ Same is true for 5th transverse mode on CPjs:

A\
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Hamiltonian in full sector

TTEAL @ Full H constructed outside of SU(4) sector (zwiebel; Schulgin,
UNIVERSITET Zarembo, JM)
@ Does not have a particularly nice form
Two-I Integrabilit) - - . .
O @ Example of one fermion interacting with bosons
Superconformal
Chern-Simons
HoYiysYl = —2YiycYl —2vivpaYl —2YiysY]
=YiveY) - Yivay]
—6epcpE Y,I YDwf = fic'-:ABDEwé7 YEYCT = EABCMZJ? & Yg
+3eacpe Y; YDilJf 4F 35ACDE7/)CD & Y§ + €aBcp YET YEl/JCD
—2eaBcD Y;—[ YPpE + QEABCDwaDYET,

Joseph Minahan

HogaYiYS = —3YYlpa—3YYigp
+05 YO Y p + 65 YOV wa+ 65 YO Yive + 65 VP Yivo
Exendng o 2BV = 60V YP = 6 YEYP + 25500 VSV
+3eaBDE YchC YE 4+ 6g5ADEF YDl/)cEYF = 26£EBDEF YDilJCEY
HoYAYipe = —3¢cYiy* —3ypyiv”

+059p Y YP + 85w YYD + 629 Y] YD + 62up Y, YP
+208YPbhe — SAYP VLo — SEYPYhe + 268V P v L
+3ecoe YPULYE — 0pecoer YOUE YE + 208 eper YOUE Y

p)

5
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= At two loops expect dependence on A\ (parity preserving)
and A? and A? (parity violating)
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ABJ generalization

ABJ: Extend to SU(N) x SU(N)
@ Still has A/ = 6 supersymmetry

o RS ~ (NA)/2k, A=D S =N

@ Background B,,,: no longer clear if string theory is integrable
B, effectively adds a 6 term to sigma model.

@ CP invariance is broken. World-sheet parity is also broken
= At two loops expect dependence on A (parity preserving)
and A\? and A? (parity violating)

Parity is unbroken in scalar sector sak, Gang, Rey

Scalars and ferms are
bifundamentals,A
= graphs ~ NN

AR 2L
r = > Z (2 —2P¢, 042 + Pe,ev2Ke,e41 + Ko, o41Pe042)

£=1

My 1 My 1
= A
v Zujz+1/4+;vj2+l/4

j=1
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Is integrability lost in full theory?

@ Since scalar sector ~ A\ then all sectors are ~ A if integrable
@ Example with a fermion:

ABJ generalization

@ N = 6 Susy seems to guarantee 2-loop integrability (zwiebel).
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o N =6 CS two-loop Hamiltonian is integrable
S P — @ Surprisingly, integrability is maintained if N # N

for
Superconformal (at least at 2 |OOpS)

Chern-Simons

Joseph Minahan @ Bethe egs. can extend to all loops (Gromov and Vieira)

@ Unlike N' = 4 there is an extra function:

A — h()\) A ~ A A<<l1

A>>1

=

=
Q
\

Discussion
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Discussion

e N =6 CS two-loop Hamiltonian is integrable

e Surprisingly, integrability is maintained if N # N
(at least at 2 loops)

@ Bethe egs. can extend to all loops (Gromov and Vieira)

@ Unlike N' = 4 there is an extra function:

A — h(})

=
=
2

A A<«

h(A) = > A>>1

@ This nonconstant function should first appear at 4-loop order
(O. Ohlsson Sax, C. Sieg, JM work in progress)
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