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Intro: New Physics Can Contribute Directly to ββ Decay

If neutrinoless decay occurs then ν’s
are Majorana, no matter what:
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For light neutrino exchange, there are no WR’s in the
dominant term, and the propagator is roughly propor-
tional to �m��	 / �q	2, where �q	�100 MeV is a typical
virtual-neutrino momentum. Then, instead of Eq. �41�,
we have
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so that the two amplitudes will be approximately equal
when �assuming that MWR

�mR� �Mohapatra 1999; Cir-
igliano et al., 2004�,

mR � MWL
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which is on the order of 1 TeV for �m��	���matm
2 . Thus

if the heavy mass scale in left-right symmetric models is
about a TeV or less, it will not be so easy to determine
the mass scale of the light neutrinos from double beta
decay. The same statement is true of many other hypo-
thetical lepton-number-violating models �supersymme-
try, leptoquarks, etc.� because they usually generate
double beta decay in a similar way, through graphs in
which heavy particles of some kind play the role of the
WR’s and heavy neutrinos.

Neutrinoless double beta decay in extra-standard
models gives rise to new nuclear matrix elements. The
presence of a single right-handed lepton current causes
the q��� term in the propagator of Eq. �21� to contribute
to the amplitude, giving rise to derivatives of the neu-
trino potential presented here or forcing one of the elec-
trons into a p state. The outgoing p wave leads to a
different dependence on the angle between the two
emitted electrons that could in principle be exploited to
distinguish between the action of right-handed currents
and the neutrino mass in light neutrino exchange. But
the short-range exchange of a heavy particle will not
always manifest something like the q��� term, and often
the only way to distinguish such a process from
neutrino-mass-induced decay is to exploit the different
nuclear matrix elements that enter. Provided the matrix
elements can be accurately calculated, analysis of mea-
sured lifetimes in several isotopes or to several states in
the same istotope can tell you whether long or short
range is responsible. Of course, as already mentioned,
the accuracy with which nuclear matrix elements can be
calculated is a big issue, and we discuss it later. A more
detailed treatment of the matrix elements governing the
various kinds of double beta decay can be found in Hax-
ton and Stephenson �1984�; Doi et al. �1985�; Tomoda
�1991�; Šinkovic and Faessler �2002�.

The implications of some popular extra-standard
models for ���0�� are discussed below. We close this
section with two general points. First, when the lepton
number is spontaneously broken, as it is in most models
that result in a see-saw mass matrix, there must exist one

or more zero-mass bosons, called Majorons, that could
be emitted along with the two electrons in double beta
decay ����0� ,��� �Chikashige et al., 1981; Gelmini and
Roncadelli, 1981; Georgi et al., 1981�. Apparently, how-
ever, it is difficult for such a process to have a very large
amplitude. Second, even if some exotic lepton-number-
violating physics exists and light neutrino exchange is
not responsible for the decay, the occurrence of ���0��
still implies that neutrinos are Majorana particles with
nonzero mass �Schechter and Valle, 1982�. The reason is
that any diagram contributing to the decay can be in-
serted into a neutrino propagator, with outgoing elec-
tron lines closed appropriately as in Fig. 3. If ���0��
decay is observed, we will know for certain that neutri-
nos are their own antiparticles, even if the possibility of
exotic physics or uncertainty in the nuclear matrix ele-
ments prevents an accurate extraction of the neutrino
mass scale from observation.

IV. DOUBLE BETA DECAY AND NEW PHYSICS

Over the past few decades much has been learned
about the neutrino mixing angles and mass eigenvalues.
Table I summarizes our knowledge of these neutrino pa-
rameters. These results have increased the importance
of ���0�� experiments; in the first subsection below, we
explain why. The other subsections discuss other physics
that might be revealed by ���0��.

A. Neutrino mass

If neutrinos are Majorana particles, they will mediate
���0�� at a rate proportional to the square of �m��	, Eq.
�22�. The known values of the mixing-matrix elements in
Eq. �18� allow us to predict the rate of ���0�� under
several scenarios for the neutrino’s mass spectrum. If we
ignore the LSND result �see Sec. IV.C� the oscillation
data are consistent with only three such masses, but
their spectrum can still take four possible forms:

�i� Normal hierarchy Dirac: The two masses with the
smaller splitting indicated by �msol

2 are smaller
than the third mass. The neutrinos are Dirac.

�ii� Inverted hierarchy Dirac: The two masses with
the smaller splitting indicated by �msol

2 are larger
than the third mass. The neutrinos are Dirac.

�iii� Normal hierarchy Majorana: The two masses with
the smaller splitting indicated by �msol

2 are smaller
than the third mass. The neutrinos are Majorana.

�iv� Inverted hierarchy Majorana: The two masses
with the smaller splitting indicated by �msol

2 are
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FIG. 3. Majorana propagator resulting from ���0�� amplitude
�Schechter and Valle, 1982�.
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but high-scale physics can contribute directly alongside
light-neutrino exchange: 3
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FIG. 2: Feynman diagrams of neutrinoless double beta decay processes. The left-panel is for purely left-handed current
contribution by the standard mechanism while the right-panel is for purely right-handed current contribution by LRSM with
Type-II seesaw dominance.

m� � |m⌫
ee| which is the same for both hierarchies.

The current bound on the sum of light neutrino mass is
m⌃ < 0.23 eV derived from Planck+WP+highL+BAO
data (Planck1) at 95% C.L. while m⌃ < 1.08 eV from
Planck+WP+highL (Planck2) at 95% C.L. [34]. It is
claimed that the latest cosmological constraint can be ap-
proximated by gaussian distribution, m⌃ = 22 ± 62 meV
[31]. At 1� C.L., the mass sum is smaller than 84 meV
which is below the smallest value for IH. In this sense,
the NH is favored. There is no hope to probe the normal
hierarchy within the standard mechanism, even for next-
generation experiments. On the contrary, if there is new
physics contribution in addition to the standard mecha-
nism, the neutrinoless double beta decay can be sizable.
In the following part, we discuss one possibility of LRSM
with Type-II seesaw dominance which is fully predictable

and can be tested at next-generation experiments.

Oscillation Parameters 3� range

�m2
s [10�5 eV2] 7.11-8.18

|�m2
a|[10�3 eV2] (NH) 2.30-2.65

|�m2
a|[10�3 eV2] (IH) 2.20-2.54

sin2 ✓s 0.278-0.375

sin2 ✓r (NH) 0.0177-0.0294

sin2 ✓r (IH) 0.0183-0.0297

TABLE I: The 3� values of the global fit oscillation parame-
ters, the mass-squared di↵erences and mixing angles [32].

III. EFFECT OF NEW PHYSICS
CONTRIBUTION

In this section we briefly discuss a simple left-right
symmetric model as the source of new physics that can
contribute to neutrinoless double beta decay and is fully
predictable. The left-right symmetric model [1–6] is
based on the gauge group SU(2)L⇥SU(2)R⇥U(1)B�L–
omitting SU(3)C structure for simplicity–where SU(2)L

interchanges with SU(2)R under parity. The quarks and
leptons individually transform as
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Spontaneous symmetry breaking is implemented as usual
with the help of triplet and bidoublet Higgs fields,
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with quantum numbers (3, 1, 2), (1, 3, 2), and (2, 2, 0), re-
spectively. The bidoublet connects left- and right-handed
fermions to provide Dirac mass term while the triplet
provides Majorana mass term to left- or right-handed
neutrinos. After symmetry breaking, the neutrino mass
matrix can be written as,

M⌫ =

8
>>>:

ML mD

mT
D MR

9
>>>; , (4)

where, ML = fLh�Li = fvL (MR = fRh�Ri = fvR)
is the LH (RH) Majorana masses for light (heavy) neu-
trinos while mD = yv1 + ỹv2 is the Dirac neutrino
mass term connecting light and heavy neutrinos. The
parity is first broken by vR, the vacuum expectation
value (VEV) of the right-handed triplet �R, reducing
SU(2)L ⇥ SU(2)R ⇥ U(1)Y to the SM gauge structure
SU(2)L ⇥ U(1)Y which is further broken by the VEV of
the bidoublet �. This symmetry breaking sequence nat-
urally requires vR to be much larger than the electroweak
scale. On the other hand, the VEV vR of the left-handed
triple �L is small. With natural Yukawa couplings, the
mass matrix elements of M⌫ have a hierarchical struc-

Exchange of heavy right-handed
neutrino in left-right symmetric
model.

Amplitude of “exotic” mechanism:
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≈ 1 if mN ≈ mWR ≈ 1 TeV and mββ ≈
√
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atm

So exotic stuff can occur with roughly the same rate as
inverted-hierarchy light-ν exchange would, even if the
hierarchy is normal and light-ν exchange is unobservable.

If scale of new physics is far above a TeV, however, then
one might not expect to see a signal.
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which is on the order of 1 TeV for �m��	���matm
2 . Thus

if the heavy mass scale in left-right symmetric models is
about a TeV or less, it will not be so easy to determine
the mass scale of the light neutrinos from double beta
decay. The same statement is true of many other hypo-
thetical lepton-number-violating models �supersymme-
try, leptoquarks, etc.� because they usually generate
double beta decay in a similar way, through graphs in
which heavy particles of some kind play the role of the
WR’s and heavy neutrinos.

Neutrinoless double beta decay in extra-standard
models gives rise to new nuclear matrix elements. The
presence of a single right-handed lepton current causes
the q��� term in the propagator of Eq. �21� to contribute
to the amplitude, giving rise to derivatives of the neu-
trino potential presented here or forcing one of the elec-
trons into a p state. The outgoing p wave leads to a
different dependence on the angle between the two
emitted electrons that could in principle be exploited to
distinguish between the action of right-handed currents
and the neutrino mass in light neutrino exchange. But
the short-range exchange of a heavy particle will not
always manifest something like the q��� term, and often
the only way to distinguish such a process from
neutrino-mass-induced decay is to exploit the different
nuclear matrix elements that enter. Provided the matrix
elements can be accurately calculated, analysis of mea-
sured lifetimes in several isotopes or to several states in
the same istotope can tell you whether long or short
range is responsible. Of course, as already mentioned,
the accuracy with which nuclear matrix elements can be
calculated is a big issue, and we discuss it later. A more
detailed treatment of the matrix elements governing the
various kinds of double beta decay can be found in Hax-
ton and Stephenson �1984�; Doi et al. �1985�; Tomoda
�1991�; Šinkovic and Faessler �2002�.

The implications of some popular extra-standard
models for ���0�� are discussed below. We close this
section with two general points. First, when the lepton
number is spontaneously broken, as it is in most models
that result in a see-saw mass matrix, there must exist one

or more zero-mass bosons, called Majorons, that could
be emitted along with the two electrons in double beta
decay ����0� ,��� �Chikashige et al., 1981; Gelmini and
Roncadelli, 1981; Georgi et al., 1981�. Apparently, how-
ever, it is difficult for such a process to have a very large
amplitude. Second, even if some exotic lepton-number-
violating physics exists and light neutrino exchange is
not responsible for the decay, the occurrence of ���0��
still implies that neutrinos are Majorana particles with
nonzero mass �Schechter and Valle, 1982�. The reason is
that any diagram contributing to the decay can be in-
serted into a neutrino propagator, with outgoing elec-
tron lines closed appropriately as in Fig. 3. If ���0��
decay is observed, we will know for certain that neutri-
nos are their own antiparticles, even if the possibility of
exotic physics or uncertainty in the nuclear matrix ele-
ments prevents an accurate extraction of the neutrino
mass scale from observation.

IV. DOUBLE BETA DECAY AND NEW PHYSICS

Over the past few decades much has been learned
about the neutrino mixing angles and mass eigenvalues.
Table I summarizes our knowledge of these neutrino pa-
rameters. These results have increased the importance
of ���0�� experiments; in the first subsection below, we
explain why. The other subsections discuss other physics
that might be revealed by ���0��.

A. Neutrino mass

If neutrinos are Majorana particles, they will mediate
���0�� at a rate proportional to the square of �m��	, Eq.
�22�. The known values of the mixing-matrix elements in
Eq. �18� allow us to predict the rate of ���0�� under
several scenarios for the neutrino’s mass spectrum. If we
ignore the LSND result �see Sec. IV.C� the oscillation
data are consistent with only three such masses, but
their spectrum can still take four possible forms:

�i� Normal hierarchy Dirac: The two masses with the
smaller splitting indicated by �msol

2 are smaller
than the third mass. The neutrinos are Dirac.

�ii� Inverted hierarchy Dirac: The two masses with
the smaller splitting indicated by �msol

2 are larger
than the third mass. The neutrinos are Dirac.

�iii� Normal hierarchy Majorana: The two masses with
the smaller splitting indicated by �msol

2 are smaller
than the third mass. The neutrinos are Majorana.

�iv� Inverted hierarchy Majorana: The two masses
with the smaller splitting indicated by �msol
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FIG. 3. Majorana propagator resulting from ���0�� amplitude
�Schechter and Valle, 1982�.
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The current bound on the sum of light neutrino mass is
m⌃ < 0.23 eV derived from Planck+WP+highL+BAO
data (Planck1) at 95% C.L. while m⌃ < 1.08 eV from
Planck+WP+highL (Planck2) at 95% C.L. [34]. It is
claimed that the latest cosmological constraint can be ap-
proximated by gaussian distribution, m⌃ = 22 ± 62 meV
[31]. At 1� C.L., the mass sum is smaller than 84 meV
which is below the smallest value for IH. In this sense,
the NH is favored. There is no hope to probe the normal
hierarchy within the standard mechanism, even for next-
generation experiments. On the contrary, if there is new
physics contribution in addition to the standard mecha-
nism, the neutrinoless double beta decay can be sizable.
In the following part, we discuss one possibility of LRSM
with Type-II seesaw dominance which is fully predictable

and can be tested at next-generation experiments.

Oscillation Parameters 3� range

�m2
s [10�5 eV2] 7.11-8.18

|�m2
a|[10�3 eV2] (NH) 2.30-2.65

|�m2
a|[10�3 eV2] (IH) 2.20-2.54

sin2 ✓s 0.278-0.375

sin2 ✓r (NH) 0.0177-0.0294

sin2 ✓r (IH) 0.0183-0.0297

TABLE I: The 3� values of the global fit oscillation parame-
ters, the mass-squared di↵erences and mixing angles [32].
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with quantum numbers (3, 1, 2), (1, 3, 2), and (2, 2, 0), re-
spectively. The bidoublet connects left- and right-handed
fermions to provide Dirac mass term while the triplet
provides Majorana mass term to left- or right-handed
neutrinos. After symmetry breaking, the neutrino mass
matrix can be written as,
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where, ML = fLh�Li = fvL (MR = fRh�Ri = fvR)
is the LH (RH) Majorana masses for light (heavy) neu-
trinos while mD = yv1 + ỹv2 is the Dirac neutrino
mass term connecting light and heavy neutrinos. The
parity is first broken by vR, the vacuum expectation
value (VEV) of the right-handed triplet �R, reducing
SU(2)L ⇥ SU(2)R ⇥ U(1)Y to the SM gauge structure
SU(2)L ⇥ U(1)Y which is further broken by the VEV of
the bidoublet �. This symmetry breaking sequence nat-
urally requires vR to be much larger than the electroweak
scale. On the other hand, the VEV vR of the left-handed
triple �L is small. With natural Yukawa couplings, the
mass matrix elements of M⌫ have a hierarchical struc-
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So exotic stuff can occur with roughly the same rate as
inverted-hierarchy light-ν exchange would, even if the
hierarchy is normal and light-ν exchange is unobservable.

If scale of new physics is far above a TeV, however, then
one might not expect to see a signal.
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The current bound on the sum of light neutrino mass is
m⌃ < 0.23 eV derived from Planck+WP+highL+BAO
data (Planck1) at 95% C.L. while m⌃ < 1.08 eV from
Planck+WP+highL (Planck2) at 95% C.L. [34]. It is
claimed that the latest cosmological constraint can be ap-
proximated by gaussian distribution, m⌃ = 22 ± 62 meV
[31]. At 1� C.L., the mass sum is smaller than 84 meV
which is below the smallest value for IH. In this sense,
the NH is favored. There is no hope to probe the normal
hierarchy within the standard mechanism, even for next-
generation experiments. On the contrary, if there is new
physics contribution in addition to the standard mecha-
nism, the neutrinoless double beta decay can be sizable.
In the following part, we discuss one possibility of LRSM
with Type-II seesaw dominance which is fully predictable

and can be tested at next-generation experiments.

Oscillation Parameters 3� range

�m2
s [10�5 eV2] 7.11-8.18

|�m2
a|[10�3 eV2] (NH) 2.30-2.65

|�m2
a|[10�3 eV2] (IH) 2.20-2.54

sin2 ✓s 0.278-0.375

sin2 ✓r (NH) 0.0177-0.0294

sin2 ✓r (IH) 0.0183-0.0297

TABLE I: The 3� values of the global fit oscillation parame-
ters, the mass-squared di↵erences and mixing angles [32].

III. EFFECT OF NEW PHYSICS
CONTRIBUTION

In this section we briefly discuss a simple left-right
symmetric model as the source of new physics that can
contribute to neutrinoless double beta decay and is fully
predictable. The left-right symmetric model [1–6] is
based on the gauge group SU(2)L⇥SU(2)R⇥U(1)B�L–
omitting SU(3)C structure for simplicity–where SU(2)L

interchanges with SU(2)R under parity. The quarks and
leptons individually transform as
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Spontaneous symmetry breaking is implemented as usual
with the help of triplet and bidoublet Higgs fields,

�L,R ⌘
8
>>>:
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2 �++
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�0
L,R ��+

L,R/
p

2

9
>>>; , � ⌘

8
>>>:

�0
1 �+

2

��
1 �0

2

9
>>>; ,(3)

with quantum numbers (3, 1, 2), (1, 3, 2), and (2, 2, 0), re-
spectively. The bidoublet connects left- and right-handed
fermions to provide Dirac mass term while the triplet
provides Majorana mass term to left- or right-handed
neutrinos. After symmetry breaking, the neutrino mass
matrix can be written as,

M⌫ =

8
>>>:

ML mD

mT
D MR

9
>>>; , (4)

where, ML = fLh�Li = fvL (MR = fRh�Ri = fvR)
is the LH (RH) Majorana masses for light (heavy) neu-
trinos while mD = yv1 + ỹv2 is the Dirac neutrino
mass term connecting light and heavy neutrinos. The
parity is first broken by vR, the vacuum expectation
value (VEV) of the right-handed triplet �R, reducing
SU(2)L ⇥ SU(2)R ⇥ U(1)Y to the SM gauge structure
SU(2)L ⇥ U(1)Y which is further broken by the VEV of
the bidoublet �. This symmetry breaking sequence nat-
urally requires vR to be much larger than the electroweak
scale. On the other hand, the VEV vR of the left-handed
triple �L is small. With natural Yukawa couplings, the
mass matrix elements of M⌫ have a hierarchical struc-

Exchange of heavy right-handed
neutrino in left-right symmetric
model.

Amplitude of “exotic” mechanism:

Zheavy
0ν

Z light
0ν

≈
(

MWL

MWR

)4( 〈q2〉ν
mββmN

)
〈q2〉ν ≈ 104 MeV2

≈ 1 if mN ≈ mWR ≈ 1 TeV and mββ ≈
√
∆m2

atm

So exotic stuff can occur with roughly the same rate as
inverted-hierarchy light-ν exchange would, even if the
hierarchy is normal and light-ν exchange is unobservable.

If scale of new physics is far above a TeV, however, then
one might not expect to see a signal.



Nuclear Structure: Contrasting the Approaches
Starting point is always mean field(s)

“Energy-Density Functional Theory” employs
Generator-Coordinate Method (GCM), which mixes many such
states with different collective properties.

Other methods build on single independent-particle state.

protons neutrons

QRPA

Shell
Model

protons neutrons

QRPA

Shell
Model

pn

protons neutrons

QRPA

Shell
Model

protons neutrons

QRPA

Shell
Model

protons neutrons

QRPA

Shell
Model

QRPA: Large single-particle spaces
in arbitrary single mean field; simple
correlations and excitations within
the space.

Shell Model: Small single-particle
space in simple spherical mean field;
arbitrarily complex correlations within
the space.

Downloaded 29 Apr 2009 to 152.2.5.223. Redistribution subject to AIP license or copyright; see http://proceedings.aip.org/proceedings/cpcr.jsp

IBM is somewhere in between, mapping matrix elements
from up to two shells but truncating to collective pairs.

Goals of Nuclear Theory Topical Collaboration:

Improve and combine these methods.
Avoid fitting parameters to data directly in
heavy nuclei.

Such fitting is not a bad thing, but makes it hard to
estimate uncertainty when calculating something
that’s never been measured.
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The Way Forward: Ab Initio Nuclear Structure
Often starts with chiral effective field theory.

Nucleons, pions sufficient below chiral-symmetry breaking scale.

+... +... +...
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Figure 1: Hierarchy of nuclear forces in ChPT. Solid lines represent nucleons and dashed lines pions. Small dots, large solid
dots, solid squares, and solid diamonds denote vertices of index � = 0, 1, 2, and 4, respectively. Further explanations are
given in the text.

The reason why we talk of a hierarchy of nuclear forces is that two- and many-nucleon forces are created
on an equal footing and emerge in increasing number as we go to higher and higher orders. At NNLO, the
first set of nonvanishing three-nucleon forces (3NF) occur [70, 71], cf. column ‘3N Force’ of Fig. 1. In fact, at
the previous order, NLO, irreducible 3N graphs appear already, however, it has been shown by Weinberg [52]
and others [70, 127, 128] that these diagrams all cancel. Since nonvanishing 3NF contributions happen first
at order (Q/⇤�)3, they are very weak as compared to 2NF which start at (Q/⇤�)0.

More 2PE is produced at ⌫ = 4, next-to-next-to-next-to-leading order (N3LO), of which we show only
a few symbolic diagrams in Fig. 1. Two-loop 2PE graphs show up for the first time and so does three-pion
exchange (3PE) which necessarily involves two loops. 3PE was found to be negligible at this order [57, 58].
Most importantly, 15 new contact terms ⇠ Q4 arise and are represented by the four-nucleon-leg graph with
a solid diamond. They include a quadratic spin-orbit term and contribute up to D-waves. Mainly due to
the increased number of contact terms, a quantitative description of the two-nucleon interaction up to about
300 MeV lab. energy is possible, at N3LO (for details, see below). Besides further 3NF, four-nucleon forces
(4NF) start at this order. Since the leading 4NF come into existence one order higher than the leading 3NF,
4NF are weaker than 3NF. Thus, ChPT provides a straightforward explanation for the empirically known
fact that 2NF � 3NF � 4NF . . . .

4. Two-nucleon interactions

The last section was just an overview. In this section, we will fill in all the details involved in the ChPT
development of the NN interaction; and 3NF and 4NF will be discussed in Section 5. We start by talking

19
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Comes with consistent weak current.
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Brief Aside: χEFT Treatment of Light-ν Exchange
New work by Cirigliano et al.

Corrections of order 10% to standard diagram:

8

(a)

(f)

(k)

(p)

(b) (c) (d) (e)

(g) (h) (i) (j)

(l) (m) (n) (o)

(q) (r) (s)

FIG. 3. Loop diagrams contributing to an effective npnpe−e− vertex.

FIG. 4. Diagrams in the low-energy nuclear EFT contributing to the matching at N2LO. The gray circle
denotes an insertion of the LO strong potential of Eq. (11). The gray box denotes an insertion of the LO
∆L = 2 potential Vν,0. The remaining notation is as in Fig. 1.

In the literature, the dipole parameterization of the vector and axial form factors is often used

gV (q2) =

(
1 +

q2

Λ2
V

)−2

, gA(q2) =

(
1 +

q2

Λ2
A

)−2

, (16)

with vector and axial masses ΛV = 850 MeV and ΛA = 1040 MeV. The magnetic and induced
pseudoscalar form factors are then assumed to be given by

gM (q2) = (1 + κ1)gV (q2), gP (q2) = −2mNgA(q2)

q2 +m2
π

, (17)

where κ1 = 3.7 is the nucleon isovector anomalous magnetic moment. Expanding Eqs. (16) and
(17) for small |q|, one recovers the LO and, for gA(q2), the N2LO χPT expressions of the nucleon
form factors. In the case of gV , gP and gM , the N2LO χPT results, given for example in Ref. [50],
deviate from Eqs. (16) and (17). However, any parameterization that satisfactorily describes the
observed nucleon form factors can be used in the neutrino potential (14).

The potential Vν,2 is induced by one-loop diagrams with a virtual neutrino and pions contribut-
ing to nn → ppee, built out of the leading interactions of Eqs. (8). They can be separated into

Just starting to look at these.

Anyway. . . , back to the nuclear many-body problem.



Ab Initio Shell Model

Partition of Full Hilbert Space
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Q̂HP̂ Q̂HQ̂
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Shell model done here.

P = valence space
Q = the rest

Task: Find unitary transformation to
make H block-diagonal in P and Q,
with Heff in P reproducing d most
important eigenvalues.

For transition operator M̂, must apply
same transformation to get M̂eff.

As difficult as solving full problem. But idea is that N-body ef-
fective operators may not be important for N >2 or 3.
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In-Medium Similarity Renormalization Group
One way to determine the transfomation

Flow equation for effective Hamiltonian.
Asymptotically decouples shell-model space.

d
ds

H(s) = [η(s),H(s)] , η(s) = [Hd(s),Hod(s)] , H(∞) = Heff
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Figure 7: Decoupling for the White generator, Eq. (41), in the Jπ = 0+ neutron-
neutron interaction matrix elements of 40Ca (emax = 8, ~ω = 20 MeV, Entem-Machleidt
N3LO(500) evolved to λ = 2.0 fm−1). Only hhhh, hhpp, pphh, and pppp blocks of the
matrix are shown.

mechanism. A likely explanation is that the truncation of the commutator (49) to one-
and two-body contributions only (Eqs. (50), (51)) causes an imbalance in the infinite-
order re-summation of the many-body perturbation series. For the time being, we have to
advise against the use of the Wegner generator in IM-SRG calculations with (comparably)
“hard” interactions that exhibit poor order-by-order convergence of the perturbation
series.

5.4. Decoupling

As discussed in Sec. 4.1, the IM-SRG is built around the concept of decoupling the
reference state from excitations, and thereby mapping it onto the fully interacting ground
state of the many-body system within truncation errors. Let us now demonstrate that
the decoupling occurs as intended in a sample calculation for 40Ca with our standard
chiral N3LO interaction at λ = 2.0 fm−1. Figure 7 shows the rapid suppression of the
off-diagonal matrix elements in the Jπ = 0+ neutron-neutron matrix elements as we
integrate the IM-SRG(2) flow equations. At s = 2.0, after only 20–30 integration steps
with the White generator, the Γpp′hh′(s) have been weakened significantly, and when we
reach the stopping criterion for the flow at s = 18.3, these matrix elements have vanished
to the desired accuracy. While the details depend on the specific choice of generator, the
decoupling seen in Fig. 7 is representative for other cases.

With the suppression of the off-diagonal matrix elements, the many-body Hamiltonian
is driven to the simplified form first indicated in Fig. 2. The IM-SRG evolution not only
decouples the ground state from excitations, but reduces the coupling between excitations
as well. This coupling is an indicator of strong correlations in the many-body system,
which usually require high- or even infinite-order treatments in approaches based on the
Goldstone expansion. As we have discussed in Sec. 3, the IM-SRG can be understood as
a non-perturbative, infinite-order re-summation of the many-body perturbation series,
which builds the effects of correlations into the flowing Hamiltonian. To illustrate this,
we show results from using the final IM-SRG Hamiltonian H(∞) in Hartree-Fock and
post-HF methods in Fig. 8.

After the same 20–30 integration steps that lead to a strong suppression of the off-
diagonal matrix elements (cf. Fig. 14), the energies of all methods collapse to the same
result, which is the IM-SRG(2) ground-state energy. By construction, this is the result

29

Hergert et al.

Trick is to keep all 1- and 2-body terms in H at each step after
normal ordering.
If shell-model space contains just a single state, approach yields
ground-state energy. If it is a typical valence space, result is
effective interaction and operators.

Transformation can also be done
via the “coupled-cluster” expansion.
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5.4. Decoupling

As discussed in Sec. 4.1, the IM-SRG is built around the concept of decoupling the
reference state from excitations, and thereby mapping it onto the fully interacting ground
state of the many-body system within truncation errors. Let us now demonstrate that
the decoupling occurs as intended in a sample calculation for 40Ca with our standard
chiral N3LO interaction at λ = 2.0 fm−1. Figure 7 shows the rapid suppression of the
off-diagonal matrix elements in the Jπ = 0+ neutron-neutron matrix elements as we
integrate the IM-SRG(2) flow equations. At s = 2.0, after only 20–30 integration steps
with the White generator, the Γpp′hh′(s) have been weakened significantly, and when we
reach the stopping criterion for the flow at s = 18.3, these matrix elements have vanished
to the desired accuracy. While the details depend on the specific choice of generator, the
decoupling seen in Fig. 7 is representative for other cases.

With the suppression of the off-diagonal matrix elements, the many-body Hamiltonian
is driven to the simplified form first indicated in Fig. 2. The IM-SRG evolution not only
decouples the ground state from excitations, but reduces the coupling between excitations
as well. This coupling is an indicator of strong correlations in the many-body system,
which usually require high- or even infinite-order treatments in approaches based on the
Goldstone expansion. As we have discussed in Sec. 3, the IM-SRG can be understood as
a non-perturbative, infinite-order re-summation of the many-body perturbation series,
which builds the effects of correlations into the flowing Hamiltonian. To illustrate this,
we show results from using the final IM-SRG Hamiltonian H(∞) in Hartree-Fock and
post-HF methods in Fig. 8.

After the same 20–30 integration steps that lead to a strong suppression of the off-
diagonal matrix elements (cf. Fig. 14), the energies of all methods collapse to the same
result, which is the IM-SRG(2) ground-state energy. By construction, this is the result
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Hergert et al.

Trick is to keep all 1- and 2-body terms in H at each step after
normal ordering.
If shell-model space contains just a single state, approach yields
ground-state energy. If it is a typical valence space, result is
effective interaction and operators.

Transformation can also be done
via the “coupled-cluster” expansion.



Ab Initio Calculations of Spectra

0

1

2

3

4

5

6

7

8

0+

2+

3+

0+

2+
4+

0+

2+

3+

0+

2+

4+

0+

2+

0+3
+

2+
4+

4+

0+

2+

3+
(0+ )

(2+ )
(4+ )

0

1

2

3

4

5

6

1
2

+

5
2

+

3
2

+

1
2

+

5
2

+

3
2

+

1
2

+

5
2

+

3
2

+

1
2

+

(5
2

+
)

(3
2

+
)

0

1

2

3

4

5

6

7

0+

2+

1+

0+

2+
1+

0+

2+

1+

0+

2+

1+

22O 23O 24O

E
x
[M

eV
]

C
C
EI

IM
-S
R
G

U
SD
B

Ex
p.

C
C
EI

IM
-S
R
G

U
SD
B

Ex
p.

C
C
EI

IM
-S
R
G

U
SD
B

Ex
p.

Neutron-rich
oxygen isotopes

Deformed nuclei

0

1

2

3

4

5

6

7

8

9

10

11

12

13

14

0+

2+

4+

6+

8+

0+

2+

4+

6+

8+

0+

2+

4+

6+

8+

0+

2+

4+

6+

8+

0+

2+

4+

6+

8+

0+

2+

4+

6+

8+

0+

2+

4+

6+

8+

0+

2+

4+

6+

E
x
[M

eV
]

C
C
EI

IM
-S
R
G

U
SD
B

Ex
p.

C
C
EI

IM
-S
R
G

U
SD
B

Ex
p.

20Ne 24Mg



Ab Initio 76Ge and 76Se

Stroberg, Holt, et al.
Ab Initio 0νββ-Decay Predictions from Valence-Space IMSRG 

Conventional SM: phenomenological wavefunctions 
 

Ab initio SM: wavefunctions from chiral NN+3N forces 
 
 
 
 
 
 
 
1)   Ab initio energies in medium/heavy-mass region 
 

 Valence-space IM-SRG for all medium-mass nuclei  
 

 Deformation challenging for large-space methods 
 

 First ab initio calculation of 76Ge/76Se 
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Complementary Density-Functional-Like Approach
Generator Coordinate Method (GCM)

Construct set of mean fields by constraining coordinate(s),
e.g. quadrupole moment 〈Q0〉. Then diagonalize H in space
of states with different 〈Q0〉.
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Figure 1: (a)-(c) Collective wave functions, GT intensity with, (d)-(f) full and, (g)-(i) constant spatial
dependence and (j)-(l) pairing energies for (left) A = 48, (middle) A = 76 and (right) A = 150 decays.
Shaded areas corresponds to regions explored by the collective wave functions.

different deformations (β ≈ +0.40 and β ≈ +0.25, respectively). According to Eq. 6, the final results
depend on the convolution of the collective wave functions with the 0νββ matrix elements as a function
of deformation. In Fig. 1(d)-(f) we show schematically -shaded circles- the areas of the GT intensity
explored by the collective wave functions. We observe, on the one hand, that configuration mixing is
very important in the final result because several shapes can contribute to the value of NME, especially
in A = 48 and 76. On the other hand, we see that the regions with largest values of the GT intensity
are excluded by the collective wave functions. For example, calculations assuming spherical symmetry
give systematically larger NME -except for A = 96- as we show in Figure 2.

To summarize, we have presented a method for calculating 0νββ nuclear matrix elements based on
Gogny D1S Energy Density Functional including beyond mean field effects such as symmetry restoration

5

β2

Collective wave functions

Rodriguez and Martinez-Pinedo:
Wave functions peaked at β2 ≈ ±.2

Can be improved by including crucial neutron-proton pairing
amplitude as collective coordinate.



DFT Approach in Large Shell-Model Spaces
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FIG. 2: Calculated low-lying excitation spectra of 76Ge and 76Se given by pfsdg-2 interaction,

compared with experimental data [5].

FIG. 3: The calculated occupancies of valence neutron and proton orbits for 76Ge and 76Se, com-

pared with the experimental occupancies of valence orbits [6, 7].

4

GCM Spectrum in 2 Shells

0νββMatrix Elements in 1 and 2 Shells

FIG. 1: The calculated M0⌫
GT of the 0⌫�� decay, compared with those by the shell-model (SM) cal-

culation with JUN45 interaction [1], with the GCN2850 interaction [2], with KB3G interaction [3],

and with the SDPFMU-DB interaction [4]. “pfsdg-1” denotes the pfsdg-shell interaction in which

the 3N forces are normal ordered with respect to 40Ca, while “pfsdg-2” denotes the pfsdg-shell

interaction with respect to 56Ni.
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Combining GCM and Ab Initio Methods
GCM incorporates some correlations that are hard to capture
automatically (e.g. shape coexistence). So use it to construct initial
“reference” state, let IMSRG, do the rest.

Test in single shell

Introduction MR-IMSRG based on an empirical shell-model Hamiltonian MR-IMSRG based on a chiral Hamiltonian Summary

MR-IMSRG(2) for 48Ca-Ti

Different Choice of Reference State
Spherical HFB state w/o np iso-scalar pairing (projected onto N&Z )
Deformed HFB state with np iso-scalar pairing (projected onto J,N&Z )

influences the solution of the flow equation for 48Ti.

From J. Yao

Ab initio versions
in progress.



Nuclear Matrix Element (Simplified)
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Issue Facing All Models: “gA”

40-Year-Old Problem: Effective gA needed for single-beta and
two-neutrino double-beta decay in shell model and QRPA.

NUCLEAR SHELL MODEL 43 

() parameters can be empirically extracted as the residuals between a set 
of experimental values and the values of the matrix elements calculated 
with the free-nucleon operators. Our results are discussed in Sections 3.2 
and 3.3 for the GT and M I  operators, respectively. Values for the () 
parameters in the effective operator can also be calculated from fun
damental considerations. Our empirical results are compared with such 
calculations in Section 3.4. 

3.2 Gamow-Teller Results 

The relationships between experimental GT matrix elements from sd-shell 
beta decays and the predictions of the W interaction have been studied 
comprehensively in (57). This study incorporated a compilation of extant 
beta decay in A = 17-39 nuclei together with shell-model calculations 
for all the initial and final states concerned. The essential conclusions 
drawn in (57) can be inferred from the comparisons of experimental and 
theoretical matrix elements presented in Figure 6. The values of the 
matrix elements are normalized to reflect the 3(N - Z) sum rule, such 
that R(GT) = M(GT)/W, where W = 19A/9vl[(2Jj+ 1)3(Nj _Zj)]1/2 for 
Ni i= Zi and W = 19A/9vl[(2Jr+ 1)3(Nr - Zr)]1/2 for Ni = Zi' The matrix 
elements M(GT) are obtained from it = 6170j[B(F)+B(GT)], where 
B(GT) = M(GT)2j(2Ji + I). B(GT) is the GT transition probability (which 
depends on the transition direction). M(GT) is the GT reduced matrix 
element (which is independent of the transition direction). 

It is evident from inspection of the left side of Figure 6 that the exper
imental values of GT matrix elements in the sd shell are systematically 
smaller than the predictions of the W-interaction wave functions coupled 
with the free-nucleon operator, by a factor of about 0.77 (indicated by the 
lower line on the left side of Figure 6). The same wave functions combined 
with the effective operator account for most of the data extremely well. 

R(GT) 

FREE-NUCLEON EFFECTIVE 
0.8 

0.2 

o. 0 __ ----'�_____.L�---L..�--L-� ___ ........L�_L.�--'--�L-..� 
o 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8 

THEORY 
Figure 6 Theoretical vs experimental R(GT) matrix elements (see Sections 3 and 3.2). 
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TABLE IX. IBM-2 matrix elements with Argonne SRC and
isospin restoration for neutrinoless β+β+, ECβ+, and ECEC com-
pared with available QRPA calculations.

Decay 0+
1 0+

2

IBM-2 QRPAa IBM-2 QRPA

58Ni 2.61 1.55 2.44
64Zn 5.44 0.70
78Kr 3.92 4.16 0.90
96Ru 2.85 3.23 4.29b 0.04 2.31b

106Cd 3.59 4.10 7.54c 1.72 0.61c

124Xe 4.74 4.76 0.80
130Ba 4.67 4.95 0.34
136Ce 4.54 3.7 0.38
156Dy 3.17 1.75
164Er 3.95 1.13
180W 4.67 0.31

aReference [28]. No isospin restoration.
bReference [29] (UCOM SRC). No isospin restoration.
cReference [30] (UCOM SRC). No isospin restoration.

TABLE X. NMEs (dimensionless) for heavy neutrino exchange
for neutrinoless β+β+/ECβ+/ECEC decay in IBM-2 with isospin
restoration, Argonne SRC, and gV /gA = 1/1.269.

Nucleus 0+
1 0+

2

M
(0ν)
GT M

(0ν)
F M

(0ν)
T M (0ν) M

(0ν)
GT M

(0ν)
F M

(0ν)
T M (0ν)

58Ni 55.1 −23.1 18.6 88.0 36.3 −15.8 8.33 54.5
64Zn 103 −38.9 −18.5 109 10.1 −3.20 −2.00 10.1
78Kr 89.8 −38.5 −30.6 83.1 21.1 −9.12 −7.22 19.5
96Ru 67.5 −30.6 12.5 99.0 0.32 −0.08 0.32 0.59
106Cd 87.8 −38.1 26.5 138 34.0 −14.7 8.75 51.9
124Xe 105 −47.9 −25.0 110 18.1 −8.24 −4.31 18.9
130Ba 103 −46.4 −23.7 108 8.07 −3.68 −1.90 8.45
136Ce 95.8 −43.2 −21.8 101 8.24 −3.73. −1.89 8.66
156Dy 82.6 −37.0 17.5 123 47.6 −21.4 10.4 71.3
164Er 108 −46.8 32.9 170 23.6 −9.95 5.96 35.8
180W 119 −53.3 28.1 180 10.7 −4.85 2.91 16.6

TABLE XI. Final β+β+, ECβ+, and ECEC IBM-2 matrix
elements with isospin restoration, Argonne SRC, and their error
estimate.

Decay Light neutrino exchange Heavy neutrino exchange

58Ni 2.61(42) 88(25)
64Zn 5.44(87) 109(31)
78Kr 3.92(63) 83(23)
96Ru 2.85(46) 99(28)
106Cd 3.59(57) 138(39)
124Xe 4.74(76) 110(31)
130Ba 4.67(75) 108(30)
136Ce 4.54(73) 101(28)
156Dy 3.17(51) 123(34)
164Er 3.95(63) 170(48)
180W 4.67(75) 180(50)

TABLE XII. 2νβ−β− matrix elements (dimensionless) to the
ground state (columns 2 and 3) and to the first excited state (columns
4 and 5) using the microscopic interacting boson model (IBM-2) with
isospin restoration and Argonne SRC in the closure approximation.

Nucleus 0+
1 0+

2

M
(2ν)
GT M

(2ν)
F M

(2ν)
GT M

(2ν)
F

48Ca 1.64 −0.01 5.07 −0.01
76Ge 4.44 −0.01 2.02 −0.00
82Se 3.59 −0.01 1.05 −0.00
96Zr 2.28 −0.00 0.04 −0.00
100Mo 3.05 −0.00 0.81 −0.00
110Pd 3.08 −0.00 0.38 −0.00
116Cd 2.38 −0.00 0.83 −0.00
124Sn 2.86 −0.01 2.19 −0.00
128Te 3.71 −0.01 2.70 −0.00
130Te 3.39 −0.01 2.64 −0.00
134Xe 3.69 −0.01 2.34 −0.00
136Xe 2.82 −0.01 1.65 −0.00
148Nd 1.31 −0.00 0.18 −0.00
150Nd 1.61 −0.00 0.31 −0.00
154Sm 1.95 −0.00 0.35 −0.00
160Gd 3.08 −0.00 0.53 −0.00
198Pt 1.06 −0.00 0.03 −0.00
232Th 2.75 −0.00 0.08 −0.00
238U 3.35 −0.00 0.24 −0.00

V. RESULTS FOR 2νββ

Isospin restoration has a major consequence on matrix
elements for 2νββ decay, since F matrix elements vanish when
isospin restoration is imposed. 2νββ matrix elements can be
easily calculated in IBM-2 using the closure approximation
(CA). In this approximation the matrix elements M2ν , which

from experimental τ1 2 ISM
gA,effISM 1.269A 0.12

from experimental τ1 2 IBM 2 CA SSD
gA,effIBM 2 1.269A 0.18

Ca Ge Se ZrMo Cd Te Xe Nd
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,e
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FIG. 5. (Color online) Value of gA,eff extracted from experiment
for IBM-2 and the ISM.

034304-6
If 0ν matrix elements quenched by same amount
as 2ν matrix elements, experiments will be much
less sensitive; rates go like fourth power of gA.



Early Arguments For and Against Major 0νQuenching

For:

β and 2νββ decay are quenched by consistent amounts
(corresponding roughly to similar effective values for gA).
Quenching comes mainly from correlations that escape model
space. No reason why this should affect 0ν less than 2ν.

Against:

Quenching that comes from two-body currents should be less
at high momentum transfer, at which 0ν decay occurs
(because of the virtual neutrino).
0ν decay can be evaluated in “closure.” Only one matrix
element rather than product of two.



We Are Making Progress on the Issue

In modern terms, quenching must be due to some combination of:

1. Truncation of model space.
Should be fixable in ab-initio shell model, which compensates
effects of truncation via effective operators.

2. Many-body weak currents.
Size still not clear, particularly for 0νββ decay, where current
is needed at finite momentum transfer q.

Leading terms in chiral EFT for finite q recently worked out.
Careful fits and use in decay computations underway.



Quenching in Light Nuclei
Pastore et al: β Decay with Quantum Monte Carlo

4

gs ex
LO 2.334 2.150

N2LO –3.18×10−2 –2.79×10−2

N3LO(CT) 2.79×10−1 2.36×10−1

OPE –2.99×10−2 –2.44×10−2

N4LO(2b) –1.61×10−1 –1.33×10−1

N4LO(3b) –6.59×10−3 –4.86×10−3

TABLE II. Individual contributions to the 7Be ε-capture
Gamow-Teller RMEs obtained at various orders in the chiral
expansion of the axial current (Λ = 500 MeV) with VMC wave
functions. The rows labeled LO and N2LO refer to, respec-
tively, the first term and the terms proportional to 1/m2 in
Eq. (1); the rows labeled N3LO(CT) and OPE, and N4LO(2b)
and N4LO(3b), refer to panel (a) and panels (b) and (f), and
to panels (c)-(e), (g) and panel (h) in Fig. 1, respectively.

The contributions of the axial current order-by-order in
the chiral expansion are given for the GT matrix ele-
ment of the 7Be ε capture in Table II. Those beyond
LO, with the exception of the CT at N3LO, have oppo-
site sign relative to the (dominant) LO. The loop cor-
rections N4LO(2b) are more than a factor 5 larger (in
magnitude) than the OPE. This is primarily due to the
accidental cancellation between the terms proportional
to c3 and c4 in the OPE operator at N3LO (which also
occurs in the tritium GT matrix element [27]). It is also
in line with the chiral filter hypothesis [35–37], according
to which, if soft-pion processes are suppressed—as is the
case for the axial current—then higher-order chiral cor-
rections are not necessarily small. Indeed, the less than
3% overall correction due to terms beyond LO reported
in Table I (row N4LO) comes about because of destruc-
tive interference between two relatively large (∼ 10%)
contributions from the CT and the remaining [primarily
N4LO(2b)] terms considered here.

Ratios of GFMC to experimental values for the GT
RMEs in the 3H, 6He, 7Be, and 10C weak transitions
are displayed in Fig. 2—theory results correspond to
χEFT axial currents at LO and including corrections
up to N4LO. The experimental values are those listed
in Table I, while that for 3H is 1.6474(24) [27]. These
values have been obtained by using gA = 1.2723(23) [38]
and K/

[
G2
V

(
1 + ∆V

R

)]
= 6144.5(1.4) sec [39], where

K = 2π3 ln 2/m5
e = 8120.2776(9) × 10−10 GeV−4 sec and

∆V
R = 2.361(38)% is the transition-independent radiative

correction [39]. In the case of the β decays, but not for
the ε captures, the transition-dependent (δ′R) radiative
correction has also been accounted for. Lastly, in the ε
processes the rates have been obtained by ignoring the
factors BK and BL1 which include the effects of electron
exchange and overlap in the capture from the K and L1
atomic subshells. As noted by Chou et al. [14] following
Bahcall [40, 41], such an approximation is expected to be
valid in light nuclei, since these factors only account for
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10
C

10
B

7
Be

7
Li(gs)

6
He

6
Li

3
H

3
He

7
Be

7
Li(ex)

gfmc 1b
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Chou et al. 1993 - Shell Model - 1b

FIG. 2. (Color online) Ratios of GFMC to experimental
values of the GT RMEs in the 3H, 6He, 7Be, and 10C weak
transitions. Theory predictions correspond to the χEFT axial
current in LO (blue circles) and up to N4LO (magenta stars).
Green squares indicate ‘unquenched’ shell model calculations
from Ref. [14] based on the LO axial current.

a redistribution of the total strength among the different
subshells (however, it should be noted that BK and BL1

were retained in Ref. [11], and led to the extraction of
experimental values for the GT RMEs about 10% larger
than reported here).

We find overall good agreement with data for the 6He
β-decay and ε captures in 7Be, although the former is
overpredicted by ∼ 2%, a contribution that comes almost
entirely from 2b and 3b chiral currents. The experimental
GT RME for the 10C β-decay is overpredicted by ∼ 10%,
with two-body currents giving a contribution that is com-
parable to the statistical GFMC error. The presence of
a second (1+; 0) excited state at ∼ 2.15 MeV can poten-
tially contaminate the wave function of the 10B excited
state at ∼ 0.72 MeV, making this the hardest transition
to calculate reliably. In fact, a small admixture of the
second excited state (' 6% in probability) in the VMC
wave function brings the VMC reduced matrix element
in statistical agreement with the the measured value, a
variation that does not spoil the overall good agreement
we find for the reported branching ratios of 98.54(14)%
(< 0.08%) to the first (second) (1+, 0) state of 10B [14].
Because of the small energy difference of these two levels,
it would require an expensive GFMC calculation to see if
this improvement remains or is removed; in lighter sys-
tems we have found that such changes of the trial VMC
wave function are removed by GFMC.

We note that correlations in the wave functions sig-
nificantly reduce the matrix elements, a fact that can
be appreciated by comparing the LO GFMC (blue cir-
cles in Fig. 2) and the LO shell model calculations
(green squares in the same figure) from Ref. [14]. More-
over, preliminary variational Monte Carlo studies, based

Most of the effects are from correlations outside the valence shell.
Two-body currents don’t do much.
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Shell model seems to
include most correlations.
Bulk of quenching comes
from two-body current.



. . .And in 100Sn
Coupled-Cluster Calculation of β Decay

Hagen et al, unpublished

5 7 9 11 13 15 17 19
|MGT|2

FFS
QRPA
LSSM
SMMC
ESPM
Batist et al.
Hinke et al.
NN-N3LO+3Nlnl

NNLOsat

2.8/2.0 (EM)
2.0/2.0 (PWA)
2.2/2.0 (EM)
2.0/2.0 (EM)
1.8/2.0 (EM)

expt

other m
odels

this work

2BC

Again, most of the quenching accounted for by two-body current, and

Quenching increases with mass.
Spectator nucleons contribute coherently to two-body current.



And ββ Decay? First Ab Initio Calculations

2νββ in 48Ca

Ab Initio IMSRG
Shell Model Holt, Stroberg, et al.Ab Initio GT Transitions from Valence-Space IMSRG 

General one-body tensor operators developed for valence-space IMSRG: Gamow-Teller 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
First ab initio valence-space calculations of GT transition rates 
 

Small renormalization effect, but (mostly) reasonable agreement with experiment 

Stroberg et al., in prep 

Õ = e⌦Oe�⌦ = O + [⌦, O] + [⌦, [⌦, O]] + . . .

2ṍṂṂ VS-IM-SRG Results: Evolved, “Magic”11

Two-body currents not yet included.



And 0ν. . .
Ab Initio 0νββ-decay 

Ab initio: Consistent many-body wfs/operators from chiral NN+3N forces 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Consistent prediction from independent method 
 

Two-body currents in progress – typically decrease NME 
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matrix element. An uncertainty of a factor of three in the 
matrix element thus corresponds to nearly an order of mag-
nitude uncertainty in the amount of material required, e.g. 
to cover the parameter space corresponding to the inverted 
hierarchy. If the experiment is background-limited, the uncer-
tainty is even larger [111]. An informed decision about how 
much material to use in an expensive experiment will require 
a more accurate matrix element.

Second, the uncertainty affects the choice of material to be 
used in νββ0  decay searches, a choice that is a compromise 
between experimental advantages and the matrix element 
value. Figure  5 (top) shows nuclear matrix elements calcu-
lated in different approaches, and because of the spread of the 
results (roughly the factor of three above) we can conclude 
only that the matrix element of 48Ca is smaller than those 
of the other νββ0  decay candidates. And the differences in 
the expected rate, a product of the nuclear matrix elements 
and phase-space factors, are even more similar (see figure 5 

bottom, and equation  (9)) [112]. Better calculations would 
make it easier to select an optimal isotope.

Finally, and perhaps most obviously, we need matrix ele-
ments to obtain information about the absolute neutrino 
masses once a νββ0  decay lifetime is known. Reducing the 
uncertainty in the matrix element calculations will be crucial 
if we wish to fully exploit an eventual measurement of the 
decay half-life. Even the interpretation of limits is hindered 
by matrix-element uncertainty. The blue band in  figure  1 
represents the upper limit of <ββm 61–165 meV from the 
KamLAND-Zen experiment [5]. The uncertainty, again a fac-
tor of about three, is due almost entirely to the matrix ele-
ment. And the real theoretical uncertainty, at this point, must 
be taken to be larger; the ‘gA problem’, which we discuss in 
section 4, has been ignored in this analysis. We really need 
better calculations. Fortunately, we are now finally in a posi-
tion to undertake them.

3. Nuclear matrix elements at present

As we have noted, calculated matrix elements at present carry 
large uncertainties. Matrix elements obtained with differ-
ent nuclear-structure approaches differ by factors of two or 
three. Figure  5 compares matrix elements produced by the 
shell model [82, 113, 114], different variants of the quasipar-
ticle random phase approximation (QRPA) [81, 115–117], 
the interacting boson model (IBM) [109], and energy density 
functional (EDF) theory [118–120]. The strengths and weak-
nesses of each calculation are discussed in detail later in this 
section.

Some of these methods can be used to compute single-β 
and νββ2  decay lifetimes. It is disconcerting to find that pre-
dicted lifetimes for these processes are almost always shorter 
than measured lifetimes, i.e. computed single Gamow–Teller 
and νββ2  matrix elements are too large [121–123]. The prob-
lems are usually ‘cured’ by reducing the strength of the spin-
isospin Gamow–Teller operator στ, which is equivalent to 
using an effective value of the axial coupling constant that 
multiplies this operator in place of its ‘bare’ value of !g 1.27A . 
This phenomenological modification is sometimes referred to 
as the ‘quenching’ or ‘renormalization’ of gA. In section 4 we 
review possible sources of the renormalization, none of which 
has yet been shown to fully explain the effect, and their conse-
quences for νββ0  matrix elements.

3.1. Shell model

The nuclear shell model is a well-established many-body 
method, routinely used to describe the properties of medium-
mass and heavy nuclei [121, 124, 125], including candidates 
for ββ-decay experiments. The model, also called the ‘con-
figuration interaction method’ (particularly in quantum chem-
istry [126, 127]), is based on the idea that the nucleons near 
the Fermi level are the most important for low-energy nuclear 
properties, and that all the correlations between these nucleons 
are relevant. Thus, instead of solving the Schrödinger equa-
tion for the full nuclear interaction in the complete many-body 

Figure 5. Top panel: nuclear matrix elements ( νM 0 ) for νββ0  decay 
candidates as a function of mass number A. All the plotted results 
are obtained with the assumption that the axial coupling constant 
gA is unquenched and are from different nuclear models: the shell 
model (SM) from the Strasbourg–Madrid (black circles) [113], 
Tokyo (black circle in 48Ca) [114], and Michigan (black bars) [82] 
groups; the interacting boson model (IBM-2, green squares) [109]; 
different versions of the quasiparticle random-phase approximation 
(QRPA) from the Tübingen (red bars) [115, 116], Jyväskylä (orange 
times signs) [81], and Chapel Hill (magenta crosses) [117] groups; 
and energy density functional theory (EDF), relativistic (downside 
cyan triangles) [118, 119] and non-relativistic (blue triangles) 
[120]. QRPA error bars result from the use of two realistic nuclear 
interactions, while shell model error bars result from the use of 
several different treatments of short range correlations. Bottom 
panel: associated νββ0  decay half-lives, scaled by the square of the 
unknown parameter ββm .

Rep. Prog. Phys. 80 (2017) 046301

48Ca 
 

Coupled-clusters result is red bar at
bottom.

Phenom. shell model
IMSRG,  hω = 16
IMSRG,  hω = 24
Coupled Clusters

Two-body currents again not yet included.
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