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Introduction

As is well known, there are different ways of
parameterizing the Kobayashi-Maskawa quark
mixing matrix, Vg ps. For three generations of
quarks, Vzoas is a 3 X 3 unitary mixing ma-
trix with three rotation angles (61, 69, 03) and
one CP violating phase 0. The magnitudes of
the elements V;; of Vi py are physical quanti-
ties which do not depend on parametrization.
However, the value of 0 does. For example, in
the Particle Data Group (PDG) parametriza-
tion adopted 0 ~ 70°, whereas the phase in
the original KM parametrization has a differ-
ent value, & ~ 90°. Care must be exercised
in quoting a value of 9, as it depends on how
the matrix is parameterized. For example, the
statement made after Eq. (11.3) in the current
edition of PDG is misleading, because it identi-
fies, incorrectly, the phase 0 of KM.



[t can therefore be more useful to employ only
physically-measurable quantities. To this end,
it has long ago been suggested that a unitar-
ity triangle (UT) be used as a useful presenta-
tion for the quark flavor mixing, especially of
CP violation. Because of the unitary nature of
the KM matrix, one has =; V;;Vj3. = 0, and
= ViV = jk» where the first and second n-
dices of Vj; take the values u, ¢, ¢, ... and
d, s, b, ..., respectively. For three genera-
tions of quarks, when 7 # k., these equations
form closed triangles in a plane, the UT's. Six
UT's can be formed with all of them having the
same area. A(UT), which is equal to half of
the value of the Jarlskog determinant J, so that
A(UT) = 1J. The inner angles of a given UT
are therefore closely related to the CP violating
measure .J.



When the inner angles are measured indepen-
dently, their sum, whether it turns out to be
consistent with precisely 180°, provides a test
for the unitarity of the KM matrix. The uni-
tarity triangle is also a popular way, to present
CP violation, with three generations of quarks.
A UT, however, does not contain all the infor-
mation encoded in the KM matrix, Vi Al-
though a UT has three inner angles and three
sides, 1t contains only three independent param-
eters. The three parameters can be chosen to be
two of the three inner angles and the area, or the
three sides, or some combination thereot. One
needs an additional parameter fully to repre-
sent the physics: this is hardly surprising, as the
original UT" idea involved only two, of the three,
rows or columns of the 3 x 3 matrix, Vi ay,



An improved presentation is thus rendered de-
sirable, in order better to present the KM ma-
trix, Vs, diagrammatically. We propose such
a new diagram, the unitarity boomerang. The
unitarity boomerang contains information from
a pair of UTs. The different ways of choosing
the pair contain, of course, equivalent informa-
tion. Nevertheless, the specific choice can be
made, as we shall discuss in detail, such as to
maximize the minimum vertex angle in the uni-
tarity boomerang. This choice is, we believe,
the most convenient.



Unitarity Boomerang

We indicate the KM matrix and its elements
by Viear = (vKM)ija with = = wu,c,t and
9 = b,s,d. The unitarity of this matrix im-
plies 3;V;;Viy, = 0 and X,V Vs = d;p.. The
9 # k and ¢ # k cases form, respectively, the six
possible different U'T" presentations for Vg s in
a convenient two-dimensional plane. There are,
thus, a total of 18 inner angles in the six UT's.
However, only 9 are different because, by Eu-
clidean geometry, each angle, in any particular
U'T', must have its equal counterpart in another,
different, UT". This coincides with the fact that
there are 9 different phase expressions of the
KM matrix for different parameterizations.



To understand this simple but crucial discussion
consider the two UT's defined by

UT(a) (Vi) ud( Vi M )b

+ (Var)ed Vi)

+ (Ve aVicm)m =0
UT(b) Vi) ud(Vicar)ia

+ (Viear)us(Viar)ts

+ Vea)wVira)n =0 (1)



The inner angles defined by UT (a), in Eq. (1),
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Correspondingly, the unitarity triangle, UT(b)
3(7")

in Eq. (1), defines another three inner angles



[t is clear that @5 = ¢9. Since all the six UT's
have the same area J/2, not all the different
nine angles are independent. For example

J =

(Vi) taViean) il (Vi an) wa(Vie ar )| sin é2

(Vi) taViean)ipll (Ve ar) ca(Viear ) il sin é1

(Vi ar) us(Viean)Esll (Viear) un(Viear) | sin ¢

(Vi) wd Vi Dt (Vi arus (Vi ar)is) sin .

It can be shown that only four independent
parameters are needed to parameterize the six

UT's, and that any two different UT's contain
the needed 4 parameters.
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The values for the angles in UT'(a), of Eq.(1),
derived from various experiments given by PDG
are: @1 = (21.46+£0.98)° (derived from data on
sin(2¢1) = 0.681£0.025), and the values for ¢9
and ¢3 are (8879)° and (77739)°, respectively,
These values are consistent with the unitarity
of the KM matrix within error bars, and there-
fore also with a choice of presentation which we
now formulate in terms of a novel combination
of two different unitarity triangles (a) and (b).
UT(a), defined by Eq. (1), is almost a right tri-
angle, by virtue of ¢9. Numerically, the angles
¢ and ¢4 are close to ¢1 and ¢9, respectively.
All the angles in the two UT's are sizable, mak-
ing experimental determination of them merely
challenging, while for the other four choices of
UT there is always, at least, one small angle
where measurement may be exceptionally diffi-
cult.
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[t is therefore easiest to work with the two UT's,
UT(a) and UT(b), for practical purposes. We
now show that, by combining information from
these two UT's, into the boomerang diagram 1
displayed in Fig. 1, on the next slide, all infor-
mation needed to specity the KM matrix, Vi s,
can be extracted.

'The name arises from resemblance to the hunting instrument.
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Figure 1: The unitarity boomerang.  The sides are: AC = |(Via)uwa(Viear)iy!,
AC" = [(Vksm)w(Vem)ipl, AB = |(Vkm)w(Vem)il, AB = |(Vikam)ud(Vin)ial, BC =
|(Viear)ea(Vicar )| and B'C" = |[(Viear Jus (Vicar )5

The unitarity boomerang is formed by lo-
cating the common angle ¢ = ¢ from
the two UTs of UT(a) and UT(b) at
the top point A and the shortest sides,
AC = |(Vikam)uadVikam)ip! and ACT =
(V) un(Viear)ip], on the opposite sides. The
other sides are: AB = |(Viar)id(Vicamr)il,
ADB' = (Vi M) ud(Vier)ial
BC = |(Vkm)eaVikm)nl and B'CT =
(Ve ar) us(Viear)isl. We emphasize that the
Fig. is drawn with the central experimental val-
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ues of AC' =3.50x 1073, AC! = 3.59 x 1073,
AB = 873 x 1073, AB’ = 851 x 1072,
BC = 9.36 x 1077 and B'C’ = 9.19 x 1077,
One can choose the area (J/2) of the triangles,
two inner angles from one of the UT's (for ex-
ample ¢1 and ¢9), and a third angle from the
other UT (for example ¢5) as the four indepen-
dent parameters.
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Kobayashi-Maskawa parametrization

To show explicitly how the unitarity boomerang
can provide all information needed to specify
the quark flavor mixing, we work with a spe-
cific parametrization, Vg s, originally given by
Kobayashi and Maskawa

C1 —51€3 — 5153
Viear = | s169 cieacs — 82836Z5 c1C283 + socae’
$159 €189C3 + 9530 18983 — cocae

0
0
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One can also work with other parameteriza-
tions, such as that adopted by the PDG. But
we find an interesting feature of the original
KM parametrization which turns out to be very
convenient for the discussions of the unitarity
boomerang.
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Using experimental values for for (Vi as)us =
0.2257 £ 0.0010, (Vi pr)up = 0.00359 +0.00016
and (Vi )id = 0.00874J_r%'.888%€%, one finds that
sos3 << 1. At a few percent level, one has
(Vicar)t = (c1s2s3 — cacze™0) ~ —cacge ™.

Then

$159 * (€18983 — 02036_i5)

c1 * (—5153)
$189 * (—02(336_25>

¢y = arg(—

=7 — 0.

~ arg(
C1 * S183

The CP violating phase 0, in this parametriza-
tion, is equal to m—@9, to a good approximation.
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The fact that ¢o = (8879)° implies § ~ 90°.
The approximate right angle at the top of
the boomerang diagram may indicate that CP,
from a deeper perspective, is maximally vio-
lated, Kobayashi and Maskawa, with remark-
able prescience, made an excellent choice of
parametrization. We suggest that the original
parametrization of Kobayashi-Maskawa matrix
be used as the standard parametrization.
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A parametrization suggested by Fritzsch and
Xing, which also has its phase close to @9, is
another alternative interesting parametrization.
From the unitarity boomerang, one can eas-
ily obtain approximation solutions for the four
physical parameters. One first notices that the
relation in Eq.(4) allows one to read off the ¢
from the top angle in the diagram. Taking the
ratio, of the two sides AC'/AC" or AB/AB’,
one obtains |(Viar)ua/ Vi)l = c1 since
|(Vie s )| 1s very close to 1. With ¢q and there-
fore s; known, the length of the sides AB and
AC’ then provide the values for s9 and s3.
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One can obtain more precise solutions by using
the following information from four sides, AC' =
a, BC = b, AB = c and AB' = d of the

unitarity boomerang:

a = |V )udVicar)uwl = c15183, b= |(VKJ\%)C
¢ = |(Viear)taViem)wp| = s152]c15953 — cocze™ |

Using the above, one can express s1 9 3 and 0 as
functions of a, b, c and d. The KM parameters
can be determined. For example
¢ b’

d? cil — C% + d?
Solving for the roots of the above equations, the
¢7 is determined up to four possible discrete so-
lutions. Restricting to real positive solutions
with magnitude less than 1, one can further
limit the choices.

(:LZ—C%Jrcil

—0. (5)
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The other angles, and the phase, can be deter-
mined from the following relations

d a
SQ = y 83 = )
C151 C152
2/.2.2 2.2 .2 2 .2 2.2.2 2.2
o — b* /s1c5 — (c{c5s5 + s55) _ 8383+ 603
2¢1C259C3S83 2¢1€959

After applying the constraint on c%,?), that they

satisty 0 < 6%73 < 1, the solution is even more
restricted. Putting in numerical values, for the
sides, and comparing with the approximate so-
lution above, we find that a unique solution sur-
Vives.

Numerically, with the current central values for
a, b c and d, we obtain

¢ = 097419, 59 =0.0387, s3=0.0162, § =S8

and these numbers are self consistent.
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Diminution of Errors.

One should be aware, that there remain er-
rors, on the sides and angles of the boomerang.
This leads to distortion of the UB away from
the true one. When constructing the U B, one
can first use measurable quantities without as-
suming unitarity to form one of the UT', say,
the UT defined by triangle ABC' in Fig. 1.
This can be achieved by using the measured o
and ( and also the length of side AB, ¢ =
(Viea)taVicar) sl The major error comes
from the uncertainty in |(Viar)id(Vicar)i!
measured from B — By mixing. Assuming
(Vi) is almost one, then, |(Vias)wgl =
(8.09 £ 0.6) x 1073, One then uses information
on the values of |(Vias)uwal and |(Viasr) sl to
construct the sides AB’ and AC” to complete
the boomerang. The error in |(Vias)eg will
cause uncertainty in the side AB’ of the UB
with d = (7.8840.58) x 1073, At present within
error bars, one cannot be sure which side, AB
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or AB’, is longer. Further reduce the errors
in |(Viar)iad(Viear)i| can be achieved by bet-
ter understanding of the bag factor in By — By
mixing.
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Another way to improve the situation is to note
that the value [(Var)wl/ (Vi ar)ual plays an
important role which also determine the ratio of
AC and AC’. Therefore precise measurement
of |(Viar)s| 18 crucial in constructing an accu-
rate U B. Future studies of top quark decay and
single top quark production at colliders, such as
the LHC, will provide useful information.
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To give a quantitative feeling, we have carried
out an estimate assuming that the errors in a, b,
c and d are given by the current PDG data with
Gaussian errors to obtain the resultant errors in
the KM angles. We obtain Acy = 0.046, an er-
ror which is reasonably small. But errors on s 3
are large with Asy = 0.032 and As3 = 0.077.
Such a larger error bolsters preference for the
boomerang, to disentangle, most perspicuously;,
the quark flavor mixing. Note that errors, on
$9 3, are due to empirically-generated uncertain-

ties on (Viear)id, (Viear)er and (Vi ar)up.
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[ndeed, when we look more closely at Eq. (5),
it does turn out that the quantity ¢ enters that
equation, only in a combination (¢?/d?), just
so that (Vi as)ig cancels out. If one takes into
account, the errors are reduced to Acy = 0.032,

Aso = 0.023 and As3y = 0.055.

If uncertainties on all four sides can be re-
duced, say by another factor of three, we project
that errors can be reduced to Acy = 0.011,
Aso = 0.076 and As3y = 0.018, thus illustrating
how the chosen boomerang may, in the foresee-
able future, return to increase human knowl-
edge. Our proposal, to move from a single tri-
angle to a boomerang combination, theretore re-
flects, more than anything else, the increase in
precision which is justifiably anticipated from
the high-energy experiments.
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Optimal Boomerang

Out of the six possible UT's, there are 9 differ-
ent ways to have a common inner angle from two
UT's. In addition one can align the two longer
sides or one longer and one shorter sides to form
a UB. Therefore total 18 possible UBs. We
find that among these U Bs, there is only one
which does not involve very small angles and is
oood for practical uses. Although the U B's have
different areas, there is an invariant quantity for
all U Bs which is equal to a quarter of the Jarl-
skog parameter J squared. We also discuss how

new physics can be tested by using information
from U Bs.
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The UBs are constructed by using two UT's.
Let us summarize some of the relevant informa-
tion for U'T's here. There are six triangles. The
inner angles of three UT's involving two columns

are defined by, =; (Vs )ii (V)i = 0,5 # k.

UT(1) . (VieaD)w(Viar)us + Viear) eo(Vicar)es -
(VKM)ub(VKM)Zs) g =

Viear) (Vi )és
(VKM)cb(VKM)ﬁs)

Viear) (Vi)

a1 =arg|—

Y1 =arg|—

UT(2): (Via)uwdViear)w + Viear)edVie i) e
Viar)td Vi tb]

042 = CL?“g
Vi M)ud VM)
% Vieas )

= Wg( (Vi M )udl KM)Zb)
Vi) ed V)

UT(3): (Vi) udViar)us + (VKM)gkd(VKM

V V

s = arg - (Vg m)eal KM)is) =
((VKM cd(VKM>§s
V V

= arg (_ KM )udl KM)?:S)
(Vi) td(Viear)is



For convenience, we have labeled the UT'(7) by
the missing ith quark in the down-quark sector.
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The inner angles of the three UTs involving
two rows are given by, = (Vi ar) (V)i =

0,75 # k,
UT(1)

Vi) edViear)ia + (Viear) es(Viear)ts -

o= i)
Ao et
(‘,/KM)ud(VK(J\é){Z L [Eggﬁgwfm’ﬁ%
re ((VKM)ud(VKM)fd) P =
R e

<~
»
N N~ ~——

oy — arg _ViauVien)a) g -
(Vi) us(VEcar)és

A~ arg [_(VKM)ud<VKM)zd
Vir) (Vi) e

Here the UT(i') labeled by the missing #'th
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quark in the up-quark sector.

392



[t is clear from the above definitions that among
the 18 inner angles of the six UT's, only 9 of
them are different. Explicitly, we have

ap=ah, Bi=0, 1=,

/ / /
052:()427 522517 72:737
ag=0a1, B3=05, 13=". (10)

We will choose the 9 inner angles without
“prime” in our later discussions.

As pointed out earlier that for a given UT', it
contains only 3 independent parameters which
is not enough to completely determine param-
eters in the KM matrix. We have shown
that using two triangles with one from UT(7)
and another from UT(i') one can always
form a boomerang like diagram, the unitarity
boomerang and (U B) contains all information
need to reconstruct the KM matrix. Let us show
more details in the following.
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There are total 18 different ways of constructing
UDBs. There are 9 different ways to pair up a
common angle by taking one UT from UT(1)
and another from UT(7'). One can then overlap
the longer side from on U1 with the shorter
side of the other UT’, or overlap the longer sides
of the two UT's. We will label the former 9
UBs as By, and the later 9 UBs as Biz"a-
Here the index a indicates the common angle.
The common angles and their current central
experimental values of the U Bs are given in the

following

v1 = 0.0207 31 = 1.151 a3 = 1.970

= | B =043> a9 =1.535 v =1.171

In the above when calculating the inner angles,
we have used the central values |(Vias)ydl =

0.97419, ‘(VKM)US‘ = 0.2257, ‘(VKM)ub| —

34

ag = 2.686 ~v3=0.455 B3 =5.531 x 10~

(1
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0.00359 and v = 88°. We will use these values
in our later discussions for illustrations.
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We now display the UBs. In Fig. 2 we show

some details for the boomerang formed by using
UT(2) and UT(2)). Figs. 2. a) and 2. b) are

~

for Boon,, and Boy,. The 9 B, are shown in
Fig. 3. One can also construct the 9 UBs of
Em-/a. But they contain similar information as
those of B, they can be obtained by flipping
one of the UT" in each of the U B, we theretore

mna’
have not displayed them.
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a b

Figure 2: The unitarity boomerangs By, and B22a2. Figure 2.a) overlaps one long

and one short sides from the two UT's. The sides are: AB = |(Vkar)u(Viam)i!,
AC = [(Verm)uwa(Verm)ipls, BC = [(Vkm)ea(Ver)al, AB" = |(Viar)uwa(Viar)ial, ACT =

|(Viear)wo(Viear) 5|, and B'C" = |(Viear)us(Vik ) is|- Figure 2.b) is for Bag,. The red (left)
lines and black (right) lines indicate the UT taking from UT (i) and UT'(i'), respectively.
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Figure 3: The 9 unitarity boomerangs Bj,. The red (left) lines and black (right) lines
indicate the UT's taking from UT'(i) and UT' (). In the figure, the symbols double back-
slash and double slash indicate the UT for i = 3 and ¢/ = 3. For the 23, 32, 33 entries,
the length in the figure for UT'(3) and UT'(3") should be scaled up by 5. For the 13 and
31 entries, the triangles involve UT'(3,3") and UT(1,1’) should be scaled up by 10 and 2,
respectively.

38



As can be seen from Fig. 2, the UBs, except
the B9gn,, all involve a very small angle in the
diagram making it difficult to construct, with
high accuracy. The B9y, can display the in-
formation more easily. Omne should therefore
work with the Bgg,,. From the Bgy,, one can
easily obtain approximate solutions for the four
physical parameters. Taking the ratio, of the

two sides AC/AC" or AB/AB’, one obtains,

(Vi a)ud/ V)il = ¢ since |(Vigar)wl is
very close to 1. With ¢; and therefore sy known,

the length of the sides AB and AC’ then provide
the values for s9 and s3. Here the angles ¢; and
s; 1 refer to the cosine and sine of the angles in
the original KM matrix parametrization. One
can also obtain more accurate expressions. In
this parametrization, the CP violating phase 0
is, to a very good approximation, equal to apo.
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CP violation

Information on CP violation are, also, fully en-
coded, in the UBs. The Jarlskog parameter J
plays a fundamental role for CP violation with
three generations. In the UT' representation, it
is related to the area of the UT. All UT's have
the same area of J/2. One can also construct a
geometric representation of CP violation invari-
ant quantity for UB representation. Although
the shapes of the UBs vary a lot, there exists
a quantity related to the U B constructed areas
represent CP violation in an invariant form.

Consider the areas A ppr and A g of the
two triangles ACC’ and ABB’ in Fig. 1 for
B2y, we find

1|(V ]
Aoy = Aupp = Vicatu T, Ag=Aycc =,
2|(Viear)unl ,
The two triangles ABB’ and ACC" are similar

to each other.
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Similarly for 3220427 one has

y (Vi pm)dl y
Aoy = A ;1) — T, Al = A=
ABBT2|(VEar)u ACT

Again the two triangles are similar to each other.

N | oL

This can be generalized to all U Bs. The results
can be collected in matrix forms. Writing Ao,
Aby, Aoy and Ab, like areas for other UBs in
similar ways, the resultant matrix forms A, A’
A and A’ are given by

Vreanmwl |(Veartsl (Vicar)es
| Vicar)es| |(Viear)uwn! 1(Vear)up —
— KM)ch KM)td KM)cd —
A Vi)l |Vaial Vi) 7oA
9 EVKMitd (Viear)u! |V ub ’ i
Vicar)es| |(Viea)us! (VM )ud
Vicar)tal |(Viear)al 1(Vicar)es|
Vienrts| |(Viear)sl |(Vicarus
| Viear)enl |(Vear)us! |(Vicar)en
_ KM )th KM)th KM )ud _
i (Vieadwl (Vs |( ) 7oA
I | (Var)edl |(Viar)ual 1(Vicar)ew ’
Vicar)edl |(Va)udl |(Vicar)us
(Viear)ts! |(Vieantsl |(Viar)ed
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One immediately finds an invariant quantity:
IUB — AZ]A;] — 1212]14/23 — J2/4. Here no
summations on ¢ and 7. If this quantity is zero,
there is no CP violation. So the universal na-
ture of the Jarlskog parameter J is also present
in the U B representation.
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Hunting for New Physics.

We now discuss how possible new physics infor-
mation may show up in the U B analysis. There
are different ways the U Bs can be used to hunt
for new physics. We will discuss two ways to

detect new physics beyond the three generation
KM model.

One of them is to see if a UB can be formed
as expected after the relevant sides, such as
the sides shown in Fig.1 are measured. The
construction of the UB uses the property that
there is a common angle. With this constraint,
if there is new physics to change the length of
the sides in a fashion which is not a universal
scaling, CP conserving or violating, then one
cannot close the UB. Another way of present-
ing this situation is that, if one constructs the

UT(2) and UT'(2') first, then there may not be
a common inner angle.
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The above possibility may reveal information
which cannot be obtained using only one UT'.
An example in which this might happen is the
simple extension to four generation of quarks
with the addition of # and ®. In the case
Vg = 0, the defining equation, Eq.(8), for
UT(2) is still the same and one can define ef-
fective inner angles and sides. If one just checks
whether the sum of inner angles is 180° from di-
rect measurements of individual angles, and the
angles determined by the sides, they are con-
sistent. No sign of new physics will show up
by this analysis. However, the UT'(2") may be
modified by a new term V,;/V3. Only infor-
mation on UT(2') is also compared with that
from UT(2), it is possible to decide if the type
of new physics described above exists. The UB
analysis contains this comparison together all in
one.
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Another is to use the property of the invariant
quantity [I;rp discussed earlier. It must equal
to J?/4. Taking the square root, one can check
with one of the UT" areas in the same UB. If
more than one U B are constructed, one can also
compare if their corresponding invariant quan-
tities are equal.

Although the unitarity triangle carries infor-
mation, about the Kobayashi-Maskawa quark
mixing matrix, it explicitly contains just three
parameters, which is one short to completely
fix the KM matrix. The unitarity boomerangs
formed using two UT's, with a common inner
angle, can completely determine the KM ma-
trix, and therefore better represents quark mix-
ing information.
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Out of the six possible UT's, there are 9 differ-
ent ways to have a common inner angle from two
UT's. In addition, one can align the two longer
sides or one longer and one shorter side to form
a UB. Therefore there are total 18 possible
UBs. By studying the unitarity boomerangs,
one can obtain all the information enshrined in
KM matrix. We find that although the UBs
have different areas, there is an invariant quan-
tity for all U Bs which is equal to a quarter of
the Jarlskog parameter J squared. This is an
universal representation of CP violation in the
UB framework. We have also discussed how
new physics can be hunted for by using infor-
mation from U Bs.
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As far as graphic representation of the KM
matrix, the proposal, to move from a single
triangle to a boomerang combination, reflects,
more than anything else, the impressive preci-
sion which has been attained by high-energy ex-
periment. A unitarity boomerang contains all
information of the KM matrix.

If new physics exists which modifies the unitar-
ity nature, deviations from the expected UB
can exist. The UB construction of the mixing
matrix elements can also return, with informa-
tion about new physics.

Thank you for your attention.
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