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THE GOAL OF INTEGRARLE METHODS
S To DIAGONALIZE THE HAMILTONIAN.

THE 7ASIS VECTORS SPAN 2" DimeENSIONAL
HILRERT SPACE.

WE CoULD TRY TO DO THIS
DIRECTLY BY HAND (o0rR COMPOTER)

EG: L2l =ires
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BUT FOR A LARCER, NUMBER,
OF SITES L |, FINDING THE EIGENVALUE
BY HAND BRECOMES DIFFICULT.

'S LOOK AT THE SYMMETRIES :
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L _A
TOTAL SPIN VARIABLES J%= 2.7
¢t =1

ARE ORDINARY <SU(2) GENERATORS

o

[JQ,TBJ = Sanc J
["‘XXX! J
ST A S J £ean(TNS+ I )0

INDEPE MDL:AJT OF THE REPRESENTATION orF J; .

WE CAN WRITE THE HAMILTON/AN

IN TERMS OF THE TWO-SITE QUADRATIC
CASIMIR @33 1 12) = " :

EG. | = }{,(:rll\jza—t’/q\ = %(JAJA—\-Z_)
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I ARE RAISING AND LOWERING GENERATORS

WITHIN A MULTIPLET :

o4y
107 IS 7
J-VJ'l' "'7

WHAT ABOUT GOING BETWEEN MULTIPLETS?

ARE THERE ANy MORE SYMMETRY GENERATORS?

YES .

SINCE WE HAVE CONSIDERED AN
OPEN TOPOLOGY FOR THE SP/N CHAIN,

INSTEAD OF PERIODIC TBOUNDARY conDiITIONS

WE CAN CONSTRUCT THE ,
YANG (AN GENERATORS Qpn | m=0,h..,L!

sn  ACTS OoN n+l siTES AT A TIME .

A _A A
Yo = 4 = Z 4 LOCAL

A A ) __ . 3
éH.. - Q = ZARC L \T; JJ' NON-LOCAL.

iq
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WHAT ARE THE cOMMUTATION TRELATIONS ¢

s THE ALGERRA ¢

1

» HOW TO THE GENERATORS ACT ON THE STATES?

ARE THE NEW GENERATORS SYMMETRIES €

FOR THE
A = i (
Q" =
Q" =

THE T LOCAL GENERATORS Q" acT oN

L=2. EXAMPLE ,
Irjz.‘-"J|+J—; )
g P
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Ta?
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TIHE L=2 EIGENSTATES AS
G.3’+|+7 =0 )
Q- +7 = 3ISY +y &
107 Q‘\;
G’.?’ 10y = =% IS? T,
+ i} at
Q- 10?2 =0
@* 1-3=0

QY 1-7 ="' IS)

Qt 1Sy =0
@318y = £ 10D
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COMMUTATION wiTH THE HAMILTONIAN (S

[Hay Q%1 = (30-70)

SINCE
A D -8 -C
Cl-‘”—\Q‘L -]‘-7- K e«AB(_. [.I;DJ-Z_‘J‘ JZ]
--K,(ZI'.CI.:'T:'-I,AI -T, .I J' "'BJ"?' “]
= K A -~ A
Y (It ™ W )
WHERE THIS USES THE REPRESENTATION
AND

A ok A
C H‘XXJi;QAJ = i.%l [,—I".":HIQL,LH]'—'%Z:' LL'H zq

A T e
Q% z Ti-Tiw 19 THE DIFFERENCE  OPERATOR,

‘1“ = «T.A- Tf A LATTE VERSION oFATOTAL DERIVAT VE.

THE CRoss TERMS VANISH oo He o, 30+ [ =0 .

FoR FINLTE CHAINS |, THE TANGIAN CoMMUTES
WITH THE HAMILTONIAN 4P TO EDCE EFFECTS.

o CHAINS OF INFINITE LENGTH WOHERE
WE IGNOLE A TOTAL DERWATIVE | THE
YANGIAN 1S AN EXACT SYMMETRY.

[ H %Xy @L(B \‘_I

CAsuMnR OF :/-\NGIAI\( (< DEFINED
ToR PERIODIC TROUNDARY CONDITION S
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YANGIAN ALGEBRA Y(G)

A _T ATZY =
« [T - J ]‘-“F c.'J .IRE.CT‘ gflnél-gauplgg
- (a19)
[T%@R1 - " QC

HI\GHER, YANG—IBN GENERATORS ARISE
IN COMMUTATORS oF QA (s

B &
+ SERRE RELATIONS  [@®” Q™ T°1]+--

As Loa, Y&G) 1S AN INFINITE -TDIMENSIONAL
RLGERRA | 17 GENERATES THE SAME
EQUIVALENCE PRELATION AS THE

KAC- MOODY Lo ALGERRA (kmA )

[M:,M:‘]:-Fqsc_ mc Nnz=012,.-.

nr M

THE (NFIMITES(MAL TRANSFORMATION S
GENERATED BY VY(&) And THE KMA

ARE ULINEAR COMBRINATIONS oF EACH
OTHER (TRUT wiTid FIELD DEPENDENT

PARAMETERS ) .

RBoTIH ALGERRAS ARE INFINITE-DIMENSIONAL
anND NON-ARELUIAN.
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THE YANGIAN 1< A HOPF ALGERRA .

TT HAS A NATURAL RECIPE FOR DEFININ(~
TENSOR TPRODUCTS OF REPRESEMNTATIONS
(MORE LATER )

IT WAS (ANTRODUCED BY V.DRINFELD IN 1935.

KMA IDEN'HFIED AS SIGMA-MODEL (PCM) SYMUETRY
(SIMILA TYPE /N 1921 L.D.

" .

How DOES THE SYMMETRY ALGERRA
HELP US FI/ND THE EIGENVALUES OF
THE SP/N CHAIN [HAMILTON/AN Fok ANY L 2

WHY 1S THE SPIN CHAIN INTEGQHBLE?

AN TNTEGRABLE HAMILTONIAN MERNS
THAT T \S ONE OF A SETOF L-|
COMMUT ING HAMILTONIANS

) \
[ TR ) T
_A
EG HY o Moy = % 2T Tty )
p 3 Lo
(%] -
H = ZAnc ‘2}; 3: 'j?*ldi.i-z.

=ETC .
(LocAL)



'SESE ABRELIAN IHJAMILTONIANS ARE
CASIMIRS OF THE YANGIAN

n)
LH™ 777 -0
[ ‘_l(lf\),@A] S O

THE PROCEDURE FOR DIAGOMALI2ZING
THESE HAMILTOA IANS 1S CALLED

THE ALGEBRAIC RETHE ANSATZ (APA)
AKA. THE TNVERSE <CATTERING METHOD .

AN IMPORTANT INGREDIENT oF TH!IS
MmeTHOD IS AN R -mMATRIX
WHICH 'S A soLurt/onN TO THE
YANG-RAXTER RELATIoN (YRR )

R'.‘L R’l'b Rl-z% = Rf—z_g Rlls R/tl

~HE HAMILTONIAN EG W= Z Hiew

CAN BE DERIVED IN TERMS OF THE
R, - MATRIX . THE ENGRGY EIGENVALUES

CAN BE FOUND Due TO ‘r'_u_%f_i_.

(1



THE YANG-RAXTER RELATION FoR A
UMNIVERSAL R-MATRIX ENCODES THE

NYANG IAN ALGEBRRA .

~ET'S SEE HOW THE COPRODUCT OF
THE T ANGIAN HOPF ALGERRA

ALLOWS US TO CONSTRUCT A
SPIN CHAIN REPRESENTATION FROM
A SINGLE <PP/AN REPRESENTATION:

ONE. SERRE RELATION IS
CO% [OS T°IT +LaftaS 14 + Lot T5]]
= 'ti.'-l _FA'DK_CTSEL_F CFM-FKLM (LJD;‘-E‘IF}

)

EFINING RELATIONS:

[’Iﬂu :"'Bl " FABC J—C.
[IROBS- £ Q%

HTHER D

sINGLE SPIN REPRESENTATION
{L_,::\N;

. A A
CWAIN OF SPINS REPRESENTATION ©  J =zi‘3..

1L
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MULTI SPIN REPRESENTATION !

FOR AN ALGEBRA A,
A COPRODULT (s A MAP A A A®A

THAT 1S A HOMOMORPHISM OF ALGERRAS.
LT MAPS SINGLE SP/N REPRESEMNTATIONS
TO TWO-SPIN REPRESENTATIONS , €TC.

FORA=Y((,), THE EXPLICIT FORMULA
FOR THE coPRODUCT IS

AT% = T oL +1@T"
C
AGF - @%@ L +1®Q" + £, T7@T
~Z1VEN A SINGE SPIN REPRESENTATION g’%J;;
="
THE TwoO-<P/n REPRESENTATION 's
IP-ATA = TPl +1@TL =TT
Qh = DQP = £, :I.E’@Jz.C = $8 e TP



“ROM A DNE-SITE AND TwO-SITE 'RE'PQE%NTATIORL(L{
THE THREE -<PIN REPRESENTATION Ig

- @r et +LteT e Trady +35
QP = £ 30T, ®1
~ o \B. ¢
+0 +£P 5 (T +7 ) ®T,

= (A e B 3 —
T OBC (IIB'J?. + 5 J:].C-I-Jl ~J3C>

e ol A —— —
hs;rsc..z \I-BJ-C-
1< ' J
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FOR THE ALGERRA A =Y(G)
THE UMIVER<AL R-MATRIX R 18 AN
ELEMENT /N A ®A

TH&:- YANG RAXTER RELATION HoLDS
IN A @A ©A

WHER E Ruz.zﬁ”@:f ,R23=I®P\/

.Q | Z R'L?; R’ZS = R«’q_-qus ‘211‘2__

FADDEEV REVIEWS
hep-th/ O (BT
hep-+e/ G4OY O 3
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THE ALGEDRA Y(¢)  HAS

REPRESENTATIONS nCa, w )

T TeontTinuous
DIS(RETE PARAMETER,

CF: Blauw)= T® U ~ T, REPRESENTATION A

o= LOOP ALGERARA sSu@
— A ) -
LTh, T 4= Zacc T e m

WHERE TOA: A, fZa+l)—'D|MENSIQN
<Su(t REPRESEVTATIO
SINCE R, 1< AN ELEMENT OF Y(G)®Y(G),
TTS REPRESEMNTATION HaS THE FORM

Riu-v) = Plaa@ple,v)) R

FoR G = sw(z) a b =04 L%, ..

]
ce. Rlu-v) = (plaw @ pliuv)) R
= (u-\/) IW®IW +LL (In@j;‘* Q'n%q:)

T 1

DEFINED oN TWO SI\TES
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A soLUTION oF THE YRR
(RELEVANT FOR XXXy MODEL) IS

/‘:\«(u\ = (Ltiy, ) InQ)Im + 'E. GS@G‘:W =

UNIVERSAL R,-MATRI1A REPRCsenNTATION

Riyu) = R BT

(s Gl &)
ob
CARELS THE S\TES s

10 Q&.

o =

- _ b0)®(°‘)_ b ¢
oo b ¢

C b

N . (.loe(

h = w

=g

?X? R Mal:un

. Rialu)
R4 = T ®RM= ( ff,

2

OoO00
ot
| © :
Oo —

Ry (u-v) R (u)fRoy5(v) =Ry, (VIR (u) R,l(u-v)

A MATRIVX EQUATION

w

R u]"'PHR,.,_(u)
T = L4585 L

ccc
~00

YA

— &
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THE HAMILTON/AN AND (TS
EIGENVALUES ARE FOUND FROMW

THE MONODROMY MATRIX (SCATTERING DATA)

Alu) Blu)
Ta (W)= Lgu). . L (w) = [ e uu.)>

a . -1, A
= wh-ut ‘JAUQ -7-|LLL Qa G"f-l-----

WHERE THE LAX OPERATOR 15 L pg (W) = R'QU""IZ) .
W’TAulemn_‘r SPACE )

s | TRANSFER
e THE TRALE OF THE MONODROMY MATRIX ( pukef

Hw) = Tr Tg (u) = A ADW) .

° l’lX‘(xl = "'..';.:. (\dd_ulyp t(U)\
2 U=

.

s

« YBR FOR MONODROM Y
R/a‘(h_ [u—v\ Tal(u\TaL(V) =E1(V\TQI(U)R/;‘¥£V\
£(W) W) =t t(u)
WHICH IMPLIES RELATIONS AMoNG-
AlW) BB Clu), Dlu) .

THESE CAN RE USED T0 DIACOBNALNRE
+ (u).




LET 12Y7 = (V). ©(b) | '
THE WETHE STATE

° U, Up Y= Bu) . Blum) 27 = (25" W™
\S AN EIGENSTATE OF THE TRANSEFER
MATRI X

t (u) lu.,...u,..,,) — /\(u) u.\._.um)|u|...um)

WHERE THE E€ICENVRALUE IS

M
L} -— ‘ L _. » .
] AW W) = (U )T UM g ot e
R=1 u‘u& “ R=i U-Uk

SATISFY THE TETHE ANSATZ EQUATIONS

U‘l'.'- L. M .
(= z-) = M Uite™
LUy -ty

RE] U -Uy ~!

THE HAMLTONIAN EVTGENVALUE (S

Y £ S o, —_—
- ancas R i
a r A J:l UJ ‘F“:-{




TRE MOMENTUM ELGENVALUE IS

- d; +L
‘P - —-i Z, J.V\, d 2
3™ UJ_I./L

WHERE THE MOMENTUM OPERATOR (S

“vdw TR (L)

THE ABELIAN HAMILTONIANS ARE

HCV\) A _a_'_" ‘Q%t(u) l . [.H(h)] H(ml:,:o
ou” | )
w=7%  L[H® 1%)=0
ot X L™, -0,
STATES g A
zW+W o
W = r3
o QN
UNPROTECTED  Tzwlzwl 5 = Tyw N 3

STATE
(U= 2)
(P=0)
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SUPER CONFOR MAL GAUGE THEGRY  2°

D=4, N=9 SYM sucn)

LARG
[ E N '} WooFT 1939
PLANAR, G-RAPH S

wW=0 (t | ) q(i'/z), La(ol) ADIGINT OF SU(CN )

2, = P'e gt so(z,4] Xxsulylp,
Y{J: :{{)):H’_\qub DsU(2,2]14 ) SuPERNPLGEA
i +

AADIAL QUANTIZATION on R x$3

(s HAMILTONIAN .
D « P2K
s

e DILATATION GENERRTOIK,

o STATES IN & C.ORRGS PONDE NCE
WITH LOCAL OPERATORS OCx )
LiwmCG(x) (0Y = \C 7

X190
o LOCAL OPERATORS ~ TRACE OF TPRODUCT OF
LETTERS
S INGIE TRACE — LARGE N 1
(1) (2 ELEMENTARY
S (x\= @f,,' (x@jkm . FIELDS
T — Gy () ltud.) Q)I = &)C:]Tij A
| =P 1 RLARER @I._ dy =G (x) T
REPRLSENTS A STIATE OF A ‘ Fpo = Fotd) T2
CHAIN OF |, SPINS (PARTONS) ... |
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NoN-!__,ocAL, CHARGE AS NOETHER CURRENT

SYMy

_ T L po
L = éli“ll“ ¥ ( 4 F"‘UF +DP\PIDP‘PI"'5_ [\PT‘P'T][?T“PJ]

+ FERMIONS )
EG.

NOETHEAR CURRENTS FOR $O(2,4) .
CLASSICALLY © jMA/x) = K.UA oM (x)

A
Ko comnrFormaL KiLLIOG VECTORS 1£A €)1

O¥%= 2 T FMF® + 27T, DFYIDPT _q*¢
~ 4y Tr (DFDO - g ¥ U‘DP\‘PI*PI + FERMIONS

ap.j"n(x) =0 For ANY CJ:“(\V.

r A

IE WE SET N=0 , THEN
A o oot 2 M
THE UNTRACED matrRix (BY ), ° 7
- vp~M
+2 F f_/.a
+ SCALARS
+FERMIONS

IS AL$O CONSERVED
AS S “ﬁuA (euo)kn
AND
AR A o £ > S Tl
m M q*N=0.
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AT @*N=0
L
JA= :‘Z=: 'TlA
Q"= £ 2 357
i< FAB
A .B AR =< “
LNl A =8 & A, 6 L Psucz21y) =

Y(G) - YANGIAN DEFE INING RELATIoNS
o LTATP)= £* 7€
o LT* Q% - £%® @F
* [ LR%LQB T} + 0% [0t 13} + (S (%, 721

=4 FAVLBELLCEM L (35,05, ]

[ @%%, 13 QP + [P} ,LT% 08T

= TRE: AGL _C_BEM KFN £ o ‘CK&D

P ‘l‘@CGL‘CDbM‘FKFN'PLMN‘FKQB) { ]
. £, p

.’Lr" [

d; IN REPRESENTATION R or G sucu THAT

RXxR® ConTAINS TI+E ADJOINT ONLY ONCE.

A A A
YANGIAN  GENERATORS ¢ 8y wHere 8029

A A A
8¢ 3Q | Ao ... FROM commurarons OF %@} .

n=012,.. ,L-I



WE WILL ASSUME THAT SYM._, IN PLANAR LIMIT
HAS YANGIAN SYMMETRY FoR ALL aiN

AS AN EXDaANSIoN /N :;"N
~ A N

=77+ g'N d7" + O N
Qn :@A - QZN 6Q4 + T
1

ONE -LOOP CORRECTION S

AsSumi AR AR A
N AN g T S -

A 21} AR A~ C
L& .ta)l }: f < ® e
+ SERRE RELATIONS

EXPANDING THESE COMMUTATCON RELATIONS TO 1-LooP
EG. « [81°,Q%] +01% 608 = % 4o«
Fok T%=D  DiLaTATioN GENERATOR

CoD,G®) +[D, §G%) = A8 g@°
T

BARE conFormaL DIM.

=>  [éD, @“J =0

teare CANGiAN '
1-LooP [HAMILTONIAN SPINCHAIN [H,Q‘]'so

ALZ0 o EIGDJIB]+[D,6JBJ = A ET
1,7Y -
= [6DT%-0 LIRS

[GD 5 ]=0 SD MUsST CoOMMUTE WiTH THE
Q*N=0 LWMIT OF WHOLE YANGIAN
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A
commouTaTION OF ét/l WITH THHE

PLANAR OVE-LOOP HAMILTONIAN

Lot '
H = L \'ll'.,t'_i-l

8D = A SUM OF OPERATORS
= ACTING ON NEAREST
NEIGHDBOR S
= i
S Y P . i,
H 2 —j?; Zh(J)\|z,J ) hj)= E';:n
ACTS ON A HARMONIC NUMBERS

TWo- PARTICLE SYSTEM

LET Vg BE SPACE OF STATES OF
ONE- PARTICLE STATES

IN FREE SYM,
oN R xS

a0
Ve ® Ve, = ® LV DECOMPOS [T 16N
J=o IN  |RREDUCIBLE
REPRESEMTATIONS
OF Psu(z.2l4)

TWO- PARTICLE <TATES HAVE

LJlAf]-: )[J,‘-f]:) Vj = j(jrl)\/J



TWO- PARTICE SYSTEM

oo

@ V;
=0

!

J’*O J:' J:Z J:g |

Yo U, Vo U 3
?P Uo Puv) |

A

1 A+J7_)0 Qu_Oj

.S
£ UPER CON FOI MAL PRIMARLES Ky0; =0, S.tud-=o b
U, A \PI‘-PT *‘PJ"PI _.3613 .,PK.,PE
V, ~ \_P‘.L\_PI ‘FJ‘PI
: (-2) —2-4%
U; M Z C a 5 A
R M( 2y L)

(d-Z)
C C l) LJ-Z) (') -2)
PO RE G 1 C‘J“-UJL

WE WILL PROVE
(3.*-12) Vi € \i- ® Vi



_#HEN —
CI J' +I 1 A2 FOR ANY
‘ Ay €V,
- (H.ll,]_-jn_l-l.,_)mm)

—

Ha ety - 17 hagy =) 18 = 0.

IDENTITY
A QY st [T™ oA
cg 17 1AG)Y 79 ,-J-,q.-ﬂ

= J(k(,j\ L\(d—-l\\ I'X {J"n>

: C’Q?-:—'fA J.DJ.("
#Ge) (RGN -h(1) 1 (G4 1 aqA
= ¢ 1A 4" 4
1o : - IT
'
THEN B L%A, le,p?--le(J‘—n7+lp“(J'+|)7
h(j+)-h(j) = -L—
[H, 7% <0 =R

[H, QA] = I:A‘ ILA

FOL AN INFINITE CIHAIN L>®, DROPPING TERMS

AT INFIITY , THEN [ H, 32 1=0

FOR A FINITE CHAIN WITH TPERIODIC BOLUUDALY
COLBITIONS ;, WHERE A TOTAL DERIUVATIUL

WiLL Sum YO ZERO = T | @(A;)]-.-o.
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DECOMPOSITION OF Q?:. V; ’

WEWIsH To sHow QL Vi eV, @V,

DO THIS 2% PROVING :

) Q?,_VJ e @\/

R-j DDD

A
2l Qu ‘/J' em®l\/%
-jlel

PROVE 1) 9% = -92, (q,z =33 )

(j22) V[ HAs HIGHEST WEIGHT STATE v
(j-2) tp T g
DO # L Ch, O a" ~PI
2) _ j-2-%

A(—n" 3y D

q, aR'LP I
kl

- = A
£G. FOR j g¥EN |, g, V; 15 obbd

LNDER THE EYCHANGE
OF THE Two sPiNS



PROVE 2):
o : \1
FIRST S HOW 9 L4()) e ® Ny
R-| 40
FOR \$())) PRIMARY =
A ‘ \} N A
q”_ I‘-Ia(J)) £ ® Vg FOR )= _
RS SINCE DM 1H(1) =]
Dim qh &1
Qe 141 € BV, For. | =!I
ke Dim 14(1)) = Z
eN,®V,
FOR =0
A
qn. |‘PIO]> C_‘k_@as\/h Dim |Y({a)) =2
C Vl@\l:a,
< V| SINCE OWLY STATE IN V_,,
WITH DIMED 19 [Y(3))
WHICH IS SWlU)g, INVARIANT
BuT q* |40)) *—q“@’*"'*-f"r
1S NOT.
AND SHOW

q:.'. l#’(ﬂ) € @\}ﬂr
R-j2 =/



WANT TO SHOW
<7‘lqA | ¥ (;)? =0 Fo. REj-1  wHEN |'X-7é\/_w

<x gt 14y = (<~Hj)lc,”|7())r

<AHPIGPTIAY =0 For > hkal e R¢G-

SINCE IN RADIAL QUANTILATION

qA'f < Pp "Kpj....
LINEAR COM BINATION
o¥F qA
A .
IrF Cin. \q-'(‘]]) (ANO) \/_&
-l < |
A
THeN Y. V] & @ Vg
Le-jl&
swee V] = L,La... VEGD
)
LOWERING OPERATORS IN Psu(Lli‘(}
T}‘:Qd

AND [L,,qA]"JC‘A

S WCE [,*TB:C\A] = f e 9




WHY 1S e = _{7_(,\(“ . 28

THE HAMILTONIAN oF A TWO-31TE
INTEGRABLE <P/ MoDEL

X)‘)f_g MmoDEL

—

A
LOCAL <SP (N VARIARLE d, IS N SPIN S
REPRESENTATION oOF SL(2)

Hopone, = 2%(741) INTEGRABLE HAMILTON/AN
WHERE (T30, ) (T2 +T0,,) = TT+1)
$(x) = éj_x@n Mx) = =%+ hix-1)  DIGAMMA FucrioN

Hun,pai ==2¥Y +2h(T7)

A -MATRIX

= (' T+l —l'u)
R ) N(T+I+iu) i

A A
Pl?. 1S PERMUTRT\OI\‘ pll J-j p;]_ :'Jl

Huwer = §8 { PLrsl-iul -
NN+ | i ( F(-T:H:'ZI)LO 29(T+i)

[]"I)Tﬁ‘ = O
[H,Q*%) =9,



3]
Hg = 2%ias) =z ¢ (7%
T(JH) = Lﬂ“ﬂﬁ)(l"f&'f) = ‘T}AJJA*J:J:f ZJ}A&TzA
=ZS(SH) » Z'T;AJZA
A_A
X =33 =4 (20+1) -2sCse)

NRITE 4(T+)) Ac A PoLYNOWIAL +n TAT)

g
P(A+)) = =¥ + Z 5, VALUE OF FUNCTION IS
"= KNOWN For INTEGER A .
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